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THE SUBALGEBRAS OF THE RANK TWO
SYMPLECTIC LIE ALGEBRA
ANDREW DOUGLAS1,2,3 AND JOE REPKA3
Abstract. The semisimple subalgebras of the rank 2 symplec-
tic Lie algebra sp(4,C) are well-known, and we recently classified
its Levi decomposable subalgebras. In this article, we classify the
solvable subalgebras of sp(4,C), up to inner automorphism. This
completes the classification of the subalgebras of sp(4,C). More
broadly speaking, in completing the classification of the subalge-
bras of sp(4,C) we have completed the classification of the subal-
gebras of the rank 2 semisimple Lie algebras.
1. Introduction
Semisimple subalgebras of semisimple Lie algebras have been exten-
sively studied [dGr11, Dyn52a, Dyn52b, LG72, Min06]. For instance,
the semisimple subalgebras of the exceptional Lie algebras have been
classified, up to inner automorphism [Min06]. As another important
example, de Graaf [dGr11] classified the semisimple subalgebras of the
simple Lie algebras of ranks ≤ 8, up to linear equivalence, which is
somewhat weaker than a classification up to inner automorphism.
Much less research has examined general subalgebras of semisimple
Lie algebras. By Levi’s Theorem [[SˇW14], Chapter II, Section 2], a
subalgebra of a complex semisimple Lie algebra is either semisimple,
solvable, or a nontrivial semidirect sum of the first two. A subalgebra
that is a nontrivial semidirect sum of a semisimple subalgebra with a
solvable subalgebra is called a Levi decomposable subalgebra.
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We have made considerable progress towards classifying both solv-
able and Levi decomposable subalgebras of semisimple Lie algebras.
Most relevant among this work to the present paper is our classifica-
tion of the solvable, and Levi decomposable subalgebras of the rank
2, semisimple Lie algebras sl(2,C) ⊕ sl(2,C) [DR16a], and sl(3,C)
[DR16b]. Since the classifications of semisimple subalgebras of sl(2,C)⊕
sl(2,C), and sl(3,C) are well-known, our work completes the classifi-
cation of subalgebras of these rank 2, semisimple Lie algebras.
The aim of the current paper is to complete the classification of sub-
algebras of the rank 2, symplectic Lie algebra sp(4,C)–the remaining
rank 2, classical, semisimple Lie algebra whose subalgebras have not
been classified. The semisimple subalgebras of sp(4,C) are well-known
[dGr11], and the authors recently classified its Levi decomposable sub-
algebras [DR15].
Hence, in this article, we classify the most difficult case: the solvable
subalgebras of sp(4,C), up to inner automorphism (equivalently, up to
conjugacy by the symplectic group Sp(4,C)). By Levi’s theorem, this
completes the classification of the subalgebras of sp(4,C).
In addition, Mayanskiy [May16] recently posted a classification of
the subalgebras of the exceptional Lie algebra G2. In light of the above
mentioned work, this article completes of the classification of the sub-
algebras of the rank 2 semisimple Lie algebras.
In addition to the intrinsic mathematical significance of classifica-
tions of subalgebras of Lie algebras (or classifications of subgroups of
corresponding Lie groups), such classifications also have physical signif-
icance and mathematical application, some of which are listed below:
• If a system of differential equations is invariant under a Lie
group, then its subgroups can be used to construct group in-
variant solutions [Olv86].
• Subgroups of the symmetry groups of nonlinear partial dif-
ferential equations provide a method for performing symme-
try reduction (reducing the number of independent variables)
[ORWZ90, GHP84, DKLW86].
• A knowledge of the subgroup structure of a Lie group G is
needed if we are interested in considering all possible contrac-
tions of G to other groups [PW77].
• Physical models–such as the vibron model, and the interacting
boson model– use chains of subalgebras, and these subalgebras
need to be explicitly described in application [IA87].
The article is organized as follows. In Section 2, we describe two
partial classifications of solvable Lie algebras that will be used in our
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classification of solvable subalgebras of sp(4,C): The classification of de
Graaf [dGr05], and that described by Sˇnobl and Winternitz in [SˇW14].
Section 3 contains preliminary background on sp(4,C), and in Section
4 we classify the one-dimensional subalgebras of sp(4,C).
In Section 5 we develop preliminary results that will be used in clas-
sifications of subalgebras of dimension greater than one. In Sections
6, 7, and 8 we classify the two-, three-, and four-dimensional solvable
subalgebras, respectively. Section 9 contains the classification of the
five-, and six-dimensional solvable subalgebras.
Finally, in Section 10, we identify our classification of solvable sub-
algebras of sp(4,C) with respect to the classification of solvable Lie
algebras of de Graaf [dGr05], and that described by Sˇnobl and Win-
ternitz in [SˇW14]. The complete classification of the subalgebras of
sp(4,C) is summarized in Tables 3 to 7.
All Lie algebras and representations in this article are finite dimen-
sional, and over the complex numbers, unless otherwise stated.
2. Solvable Lie algebras of small dimension
A full classification of solvable Lie algebras is not known and thought
to be an impossible task. However, partial classifications of solvable Lie
algebras do exist. Two such partial classifications are that of de Graaf
[dGr05], and that described by Sˇnobl and Winternitz in [SˇW14]. The
classification of solvable subalgebras of sp(4,C) in this article will be
described with respect to both of these classifications, and we consider
both of these classifications in this section.
De Graaf classified the solvable Lie algebras in dimensions ≤ 4 over
a field F of any characteristic [dGr05]. In his classification, de Graaf
does not distinguish between indecomposable and decomposable Lie
algebras. We describe the classification in its entirety up to and in-
cluding dimension 3, and include only those four-dimensional solvable
subalgebras which appear in this article:
(1) J The abelian Lie algebra of dimension 1
(2)
K1 The abelian Lie algebra of dimension 2
K2 [x1, x2] = x1
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(3)
L1 The abelian Lie algebra of dimension 3
L2 [x3, x1] = x1, [x3, x2] = x2
L3A [x3, x1] = x2, [x3, x2] = Ax1 + x2
L4A [x3, x1] = x2, [x3, x2] = Ax1
Note that L3A
∼= L3B if and only if A = B; and L4A ∼= L4B if and only if
there is an α ∈ F∗ with A = α2B.
(4)
M2 [x4, x1] = x1, [x4, x2] = x2, [x4, x3] = x3
M6A,B [x4, x1] = x2, [x4, x2] = z3, [x4, x3] = Ax1 +Bx2 + x3
M7A,B [x4, x1] = x2, [x4, x2] = x3, [x4, x3] = Ax1 +Bx2
M8 [x1, x2] = x2, [x3, x4] = x4
M12 [x4, x1] = x1, [x4, x2] = 2x2, [x4, x3] = x3, [x3, x1] = x2
M13A [x4, x1] = x1 +Ax3, [x4, x2] = x2, [x4, x3] = x1, [x3, x1] = x2
M14A [x4, x1] = Ax3, [x4, x3] = x1, [x3, x1] = x2, A 6= 0
Note that M6A,B
∼= M6C,D if and only if A = C and B = D; M7A,B ∼=
M7C,D if and only if there is an α ∈ F∗ with A = α3C and B = α2D;
M13A
∼= M13B if and only if A = B; and M14A ∼= M14B if and only if there
is an α ∈ F∗ with A = α2B.
An alternate classification of solvable Lie algebras is presented by
Sˇnobl and Winternitz in [SˇW14], which is up to and including dimen-
sion 6 and includes only indecomposable Lie algebras. This classifica-
tion is an amalgam of results from various sources (e.g., [Bia98, Kru54,
Lie88, Mor58, PSWZ76, ST13, Tur88, Tur90]).
We present the classification from [SˇW14] in its entirety up to and
including dimension 3. We give a partial description of the classification
in dimensions 4, 5 and 6, including just those algebras which appear in
this article:
(5) n1,1 The abelian Lie algebra of dimension 1
(6) s2,1 [e2, e1] = e1
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(7)
n3,1 [e2, e3] = e1
s3,1 [e3, e1] = e1, [e3, e2] = Ae2
0 < |A| ≤ 1, if |A| = 1 then arg(A) ≤ pi
s3,2 [e3, e1] = e1, [e3, e2] = e1 + e2
(8)
n4,1 [e2, e4] = e1, [e3, e4] = e2
s4,2 [e4, e1] = e1, [e4, e2] = e1 + e2, [e4, e3] = e2 + e3
s4,3 [e4, e1] = e1, [e4, e2] = Ae2, [e4, e3] = Be3
0 < |B| ≤ |A| ≤ 1, (A,B) 6= (−1,−1)
s4,6 [e2, e3] = e1, [e4, e2] = e2, [e4, e3] = −e3
s4,8 [e2, e3] = e1, [e4, e1] = (1 +A)e1, [e4, e2] = e2, [e4, e3] = Ae3
0 < |A| ≤ 1, if |A| = 1 then arg(A) < pi
s4,10 [e2, e3] = e1, [e4, e1] = 2e1, [e4, e2] = e2, [e4, e3] = e2 + e3
s4,11 [e2, e3] = e1, [e4, e1] = e1, [e4, e2] = e2
s4,12 [e3, e1] = e1, [e3, e2] = e2, [e4, e1] = −e2, [e4, e2] = e1
(9)
s5,33 [e2, e4] = e1, [e3, e4] = e2, [e5, e2] = −e2,
[e5, e3] = −2e3, [e5, e4] = e4
s5,35 [e2, e4] = e1, [e3, e4] = e2, [e5, e1] = (A+ 2)e1,
[e5, e2] = (A+ 1)e2, [e5, e3] = Ae3, [e5, e4] = e4,
A 6= 0,−2
s5,36 [e2, e4] = e1, [e3, e4] = e2, [e5, e1] = 2e1,
[e5, e2] = e2, [e5, e4] = e4
s5,37 [e2, e4] = e1, [e3, e4] = e2, [e5, e1] = e1,
[e5, e2] = e2, [e5, e3] = e3
s5,41 [e4, e1] = e1, [e4, e3] = Ae3,
[e5, e2] = e2, [e5, e3] = Be3,
0 < |B| ≤ |A| ≤ 1
s5,44 [e2, e3] = e1, [e4, e1] = e1, [e4, e2] = e2,
[e5, e2] = e2, [e5, e3] = −e3
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(10)
s6,242 [e2, e4] = e1, [e3, e4] = e2, [e5, e1] = 2e1,
[e5, e2] = e2, [e5, e4] = e4, [e6, e1] = e1,
[e6, e2] = e2, [e6, e3] = e3
In the classification from [SˇW14], an algebra designated with n is
nilpotent, and one with s is solvable, but not nilpotent. The first
subscript indicates the dimension, and the second index is for enumer-
ation. So, s6,242 is the 242
nd six-dimensional, solvable, non-nilpotent
Lie algebra in the classification.
3. Preliminaries
The symplectic algebra sp(4,C) is the Lie algebra of 4 × 4 complex
matrices X satisfying JX tJ = X , where J is the 4× 4 matrix
(11) J =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 .
The corresponding Lie group is the symplectic group Sp(4,C) given by
{g ∈ GL(4,C) | gJgt = J}.
Let t be the diagonal Cartan subalgebra, and T the corresponding
Cartan subgroup. For a, b ∈ C, define
(12) Ta,b = diag(a, b,−a,−b).
If we choose the positive root vectors to be
Xα =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

 , Xβ =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 −1 0

 ,(13)
Xα+β =


0 0 0 1
0 0 1 0
0 0 0 0
0 0 0 0

 , Xα+2β =


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,(14)
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then Xα and Xα+2β correspond to the long roots, while Xβ and Xα+β
correspond to the short roots. The corresponding Borel subalgebra is
(15) b =


∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ 0
0 0 ∗ ∗

 ∩ sp(4,C),
and we let B ⊂ Sp(4,C) be the corresponding subgroup. Let n be its
nilpotent radical
(16) n =


0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 0
0 0 ∗ 0

 ∩ sp(4,C) =




0 t a b
0 0 b d
0 0 0 0
0 0 −t 0




,
and let N ⊂ Sp(4,C) be the corresponding subgroup. Also, let p be
the maximal parabolic subalgebra
(17) p =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗

 ∩ sp(4,C),
and let P ⊂ Sp(4,C) be the corresponding subgroup.
Let np be the nilpotent radical of p:
(18) np =


0 0 ∗ ∗
0 0 ∗ ∗
0 0 0 0
0 0 0 0

 ∩ sp(4,C) =




0 0 a b
0 0 b d
0 0 0 0
0 0 0 0




,
and let NP ⊂ Sp(4,C) be the corresponding subgroup.
The following lemmas will be used below.
Lemma 3.1. The nonzero eigenvalues of an element of sp(4,C) occur
in negative pairs (that is, its eigenvalues are of the form a, b,−a,−b).
The nonzero generalized eigenvalues of an element of sp(4,C) occur in
negative pairs.
Proof. Any element is conjugate to an element of b. The two diagonal
blocks of such an element are negative transposes, so have the negatives
of each other’s eigenvalues and generalized eigenvalues. 
Lemma 3.2. Suppose X ∈ b is semisimple. Then there is b ∈ B such
that bXb−1 ∈ t, i.e., any semisimple element of b is conjugate to an
element of t by an element of B.
Moreover, if X = T +N , with T ∈ t, N ∈ n, then bXb−1 = T .
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Proof. Since X ∈ b is semisimple, it is an element of a Cartan subal-
gebra of b. Since all Cartan subalgebras of b are conjugate under B
[[Hum72], Theorem 16.2], the first assertion follows.
For the second assertion, let b ∈ B such that bXb−1 ∈ t. Then
bXb−1 = b(T +N)b−1. Clearly bNb−1 ∈ n, and bT b−1 = T +N ′, with
N ′ ∈ n. We must have N ′ = −bNb−1 and bXb−1 = T . 
We summarize the classification of the conjugacy classes of sp(4,C)
in the following two tables, which distinguish conjugacy by B, P , and
G = Sp(4,C).
Representative Conditions P Sp(4,C) Eigenvalues
Ta,b a 6= 0, (a, b) ∼ (b, a) (a, b) 4
b 6= 0 ∼ (−a,−b)
a 6= ±b ∼ (a,−b)
Ta,0 a 6= 0 (a, 0) ∼ (0, a) (a, 0) 3
∼ (−a, 0)
T0,a a 6= 0 (0, a) ∼ (a, 0) (0, a) 3
∼ (0,−a)
Ta,−a a 6= 0 (a,−a) (a,−a) 2
∼ (−a, a) ∼ (a, a)
Ta,a a 6= 0 (a, a) 2
∼ (a,−a)
∼ (−a,−a)
T0,0 1
Table 1. Semisimple classes. Representatives with dis-
tinct values of a, b give classes which are inequivalent
under the Adjoint action of B. The third column in-
dicates equivalences under the action of P while the
fourth indicates additional equivalences under the action
of Sp(4,C). The last column gives the number of dis-
tinct eigenvalues. The pairs of B-classes with the same 3
distinct eigenvalues are equivalent under P . The pairs of
B-classes with the same 2 distinct eigenvalues are equiv-
alent under Sp(4,C). Note that the regular elements are
exactly those with 4 distinct eigenvalues.
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Representative Conditions P Sp(4,C) JCF
Ta,0 +Xα a 6= 0 conjugate
to below
(a, 0,−a, 0)
∼ (−a, 0, a, 0)
(2, 1, 1)
0, a,−a
T0,a +Xα+2β a 6= 0 conjugate
to above
(0, a, 0,−a)
∼ (0,−a, 0, a)
(2, 1, 1)
0, a,−a
Ta,a +Xβ a 6= 0
(a, a)
∼ (−a,−a)
and to below
(2, 2)
a,−a
Ta,−a +Xα+β a 6= 0
(a,−a)
∼ (−a, a)
and to above
(2, 2)
a,−a
Xβ
all
(2, 2)
0, 0
Xα+β three
(2, 2)
0, 0
Xα +Xα+2β
conjugate (2, 2)
0, 0
Xα+2β
conjugate
to below
(2, 1, 1)
0, 0, 0
Xα
conjugate
to above
(2, 1, 1)
0, 0, 0
Xα +Xβ
(4)
0
Table 2. The Nonsemisimple Classes. Distinct val-
ues of the parameter a give representatives for the non-
semisimple classes up to equivalence under conjugation
by B. The third column lists equivalences under conju-
gation by P , and the fourth lists additional equivalences
under conjugation by Sp(4,C). The final column gives
the block sizes of the Jordan normal form and the corre-
sponding eigenvalues.
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4. One-dimensional subalgebras of sp(4,C)
Any solvable subalgebra of sp(4,C) is contained in a Borel subalgebra
and hence is conjugate to a subalgebra of b. Accordingly, we shall focus
on solvable subalgebras of b.
In this section, we classify the one-dimensional (solvable) subalge-
bras of sp(4,C) by separating them into three cases: subalgebras with
semisimple generators (Theorem 4.1), subalgebras with nilpotent gen-
erators (Theorem 4.2), and subalgebras with generators that have non-
trivial Jordan decompositions (Theorem 4.3). The results are summa-
rized in Table 3.
Theorem 4.1. Every semisimple element of sp(4,C) is conjugate to
an element Ta,b in t (c.f., Eq. (12)).
A complete list of one-dimensional subalgebras of sp(4,C) with semisim-
ple generators, up to conjugacy in Sp(4,C), is
(19) 〈T1,b〉 ∼= 〈T1,b−1〉, b 6= 0,±1; 〈T1,0〉, ; 〈T1,1〉.
If a, b 6= 0, b 6= ±a, then the subalgebras 〈Ta,b〉, 〈Ta,0〉 and 〈Ta,a〉 are
pairwise inequivalent; 〈Ta,0〉 = 〈T1,0〉; 〈Ta,a〉 = 〈T1,1〉, which is conjugate
to 〈T1,−1〉; and 〈Ta,b〉 is conjugate to 〈Ta,′b′〉 if and only if {a, b} =
{λa′,±λb′}, for some λ ∈ C×.
Proof. Every semisimple element T of sp(4,C) is conjugate to an ele-
ment in t [[CM93], Corollary 2.2.2], so we may assume T ∈ t.
Two elements in t are Sp(4,C)-conjugate if and only if they are
W -conjugate [[CM93], Theorem 2.2.4] , where W is the Weyl group
corresponding to t. The Weyl group W of sp(4,C) has generator sα
and sβ such that sα(Ta,b) = Ta,−b and sβ(Ta,b) = Tb,a. The result
follows. 
Theorem 4.2. A complete list of inequivalent, one-dimensional subal-
gebras of sp(4,C) with nilpotent generators, up to conjugacy in Sp(4,C),
is
(20) 〈Xβ〉; 〈Xα〉; 〈Xα +Xβ〉.
Proof. There are precisely three nonzero nilpotent orbits of sp(4,C)
[[CM93], Theorem 5.1.3] with representatives Xα, Xβ, andXα+Xβ. 
Theorem 4.3. A complete list of one-dimensional subalgebras of sp(4,C)
with generators having a nontrivial Jordan decomposition, i.e., that are
neither semisimple nor nilpotent, up to conjugacy in Sp(4,C), is
(21) 〈T1,0 +Xα〉; 〈T1,1 +Xβ〉.
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The subalgebras 〈Ta,0+Xα〉 and 〈T0,a+Xα+2β〉 are conjugate to 〈T1,0+
Xα〉, for any a 6= 0. The subalgebras 〈Ta,a + Xβ〉 and 〈Ta,−a +Xα+β〉
are conjugate to 〈T1,1 +Xβ〉, for any a 6= 0.
Proof. The generator of such a subalgebra of b must have Jordan de-
composition X = T + N , with T ∈ t, N ∈ n, and T 6= 0, N 6= 0.
Moreover, T cannot be regular or X would be semisimple. After mul-
tiplying by a scalar, we can assume T = T1,1, T1,−1, T1,0, or T0,1. Since
N and T must commute, the possibilities are
T1,1 + cXβ T1,−1 + cXα+β T1,0 + cXα T0,1 + cXα+2β ,
for some c 6= 0. After conjugation by a suitable diagonal element, we
can assume c = 1, so the possibilities are
T1,1 +Xβ T1,−1 +Xα+β T1,0 +Xα T0,1 +Xα+2β .
Let
(22) W =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 ∈ Sp(4,C).
Then
(23) W (T1,0 +Xα)W
−1 = T0,1 +Xα+2β.
Let
(24) A =


1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 0

 ∈ Sp(4,C).
Then
(25) A(T1,1 +Xβ)A
−1 = T1,−1 +Xα+β .
Since T1,0+Xα has rank 3 and T1,1+Xβ has rank 4, the subalgebras
〈T1,0 +Xα〉 and 〈T1,1 +Xβ〉 are not equivalent.
The result follows. 
5. Preliminary results to be used in classification of
higher dimensional subalgebras
5.1. Two-dimensional subalgebras of np. If Z is a symmetric 2×2
matrix, then
(26) sZ = {X ∈ gl(2,C)| X = X t and tr(XZt) = 0}
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is a two-dimensional subspace of the symmetric matrices, and every
such subspace is of this form for some such Z. Note that
(27)
tr(XZt)
= tr(gXZtg−1) = tr(gXgtg−tZtg−1) = tr
(
gXgt(g−tZg−1)t
)
.
Accordingly, conjugating
(
0 sZ
0 0
)
by
(
g 0
0 g−t
)
amounts to acting
on sZ by X 7→ gXgt, which in turn amounts to acting on Z by Z 7→
g−tZg−1.
Consequently, there are two conjugacy classes of two-dimensional
subspaces of np, corresponding to Z =
(
1 0
0 0
)
and Z =
(
0 1
1 0
)
,
respectively. Since these matrices Z correspond to inequivalent forms,
we see that these two classes are inequivalent. We have just proved the
following result.
Lemma 5.1. There are two conjugacy classes of two-dimensional sub-
algebras of np, with representatives
(28) 〈Xα, Xα+β〉 and 〈Xα, Xα+2β〉.
5.2. Semisimple elements in b.
Lemma 5.2. Suppose a is a solvable subalgebra of b. If a contains
semisimple elements, then it is possible to find b ∈ B so that the con-
jugate ab = Ad(b)a intersects t. Moreover, if a contains a Cartan sub-
algebra, a two-dimensional algebra of commuting semisimple elements,
then it is possible to find b ∈ B so that the conjugate ab contains t.
Proof. The first assertion follows from Lemma 3.2. Since all Cartan
subalgebras of b are conjugate under B [[Hum72], Theorem 16.2], the
second assertion follows. 
Lemma 5.3. Suppose a is a solvable subalgebra of b. Suppose a con-
tains X = T + N , X ′ = T ′ + N ′, with T, T ′ ∈ t, N,N ′ ∈ n. Suppose
moreover that T and T ′ are linearly independent.
Then it is possible to find b ∈ B so that the conjugate ab = Ad(b)a
contains t.
Proof. It is possible to find a linear combination of X and X ′ that can
be written as X ′′ = T ′′ + N ′′, with N ′′ ∈ n and T ′′ ∈ t such that
ad(T ′′) has distinct eigenvalues on n. By Lemma 3.2, we can perform
a conjugation so that X ′′ = T ′′ ∈ t. Then if X ∈ t, we are done.
Otherwise, X ′′ and X are linearly independent. If X = T + N , with
N 6= 0, we can write N = ∑iNi, where each Ni is an eigenvector of
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ad(T ′′) with eigenvalue λi, and the λi are distinct. Then a contains
(29)
ad(T ′′)(X) =
∑
i λiNi,
ad(T ′′)2(X) =
∑
i λ
2
iNi,
ad(T ′′)3(X) =
∑
i λ
3
iNi,
ad(T ′′)4(X) =
∑
i λ
4
iNi,
and hence a contains all the Ni.
From this we find that a contains T = X −∑iNi, and hence a ⊇
〈T, T ′′〉 = t. 
6. Two-dimensional subalgebras of sp(4,C)
In this section, we classify the two-dimensional (solvable) subalgebras
of sp(4,C) according to two cases: Subalgebras containing a semisimple
element (see Theorems 6.2 and 6.7), and subalgebras not containing any
semisimple elements (see Theorems 6.9 and 6.10). Again, without loss
of generality, we assume that each solvable subalgebra is in the Borel
subalgebra b. The results are summarized in Table 4.
6.1. Two-dimensional subalgebras containing a semisimple el-
ement.
6.1.1. Regular Semisimple Elements. Suppose a ⊂ b is a solvable subal-
gebra of dimension 2. By Lemma 5.2, we can assume that if it contains
semisimple elements, then a contains elements of t, and that if it con-
tains a Cartan subalgebra, then it contains and hence equals t. Suppose
it contains a regular diagonal element Ta,b = diag(a, b,−a,−b), i.e., one
such that the restriction of ad(Ta,b) to n is nonsingular. It is easily seen
that this amounts to a, b 6= 0, a 6= ±b. Then we can assume b = 1,
a 6= 0,±1.
It is easy to check that, for a 6= 0,±1, the eigenvalues of ad(Ta,1)
restricted to n are distinct, with the single exception of a = 3: ad(T3,1)
has the same eigenvalue for Xα and Xβ. This means that for any
r, s ∈ C, not both zero, 〈T3,1, rXα + sXβ〉 is two-dimensional.
Lemma 6.1. If r, s are both nonzero, then there is a diagonal element
in G that conjugates rXα + sXβ to Xα +Xβ; it also fixes T3,1.
Proof. If u2 = r, then the diagonal element diag( 1
su
, 1
u
, su, u) ∈ Sp(4,C)
conjugates rXα + sXβ to Xα +Xβ and, being diagonal, fixes T3,1. 
By Lemma 6.1, 〈T3,1, rXα+sXβ〉 ∼ 〈T3,1, Xα+Xβ〉, provided r, s 6= 0.
If a 6= 3, then ad(Ta,1) has distinct eigenvalues on n, so the only two-
dimensional subalgebras of b containing Ta,1 are of the form 〈Ta,1, Xγ〉,
where γ is one of α, β, α+ β, α + 2β.
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Let W ∈ Sp(4,C) be as in Eq. (22). Then
(30)
WTa,bW
−1 = Tb,a,
WXαW
−1 = Xα+2β,
WXβW
−1 = −X tβ /∈ b,
WXα+βW
−1 = −Xα+β ,
WXα+2βW
−1 = Xα.
Accordingly, under the Adjoint action of P ,
(31)
〈Ta,1, Xα+β〉 ∼ 〈T1,a, Xα+β〉 = 〈Ta−1,1, Xα+β〉,
〈Ta,1, Xα〉 ∼ 〈T1,a, Xα+2β〉 = 〈Ta−1,1, Xα+2β〉.
The element A of Eq. (24) conjugates Xβ into Xα+β and Ta,1 into
−T−a,1, so
(32) 〈Ta,1, Xβ〉 ∼ 〈T−a,1, Xα+β〉 ∼ 〈T−a−1,1, Xα+β〉 ∼ 〈Ta−1,1, Xβ〉.
Similarly, if J is the matrix of Eq. (11), then AJ conjugates Ta,1
to T−a,1. It fixes Xα and takes Xβ, Xα+β, and Xα+2β out of b. In
particular, 〈Ta,1, Xα〉 ∼ 〈T−a,1, Xα〉.
We summarize: any two-dimensional algebra containing a regular
diagonal matrix but not t is conjugate under Sp(4,C) to 〈T3,1, Xα +
Xβ〉 or to 〈Ta,1, Xα〉 or 〈Ta,1, Xβ〉, for some a ∈ C, with a 6= 0,±1,
with the understanding that 〈Ta,1, Xα〉 ∼ 〈T−a,1, Xα〉 and 〈Ta,1, Xβ〉 ∼
〈Ta−1,1, Xβ〉.
Next we consider the possibility of other equivalences between pairs
of these algebras. SupposeX ∈ n is such that 〈Ta,1, X〉 is two-dimensional,
with a 6= 0,±1. Note that every element of 〈Ta,1, X〉 is of the form
cTa,1 + dX , for some c, d ∈ C. If c 6= 0, this matrix has distinct
eigenvalues and hence is semisimple. However, if c = 0, the matrix is
nilpotent, and unless d = 0, it has rank equal to the rank of X . Now
rank(Xα) = 1, rank(Xβ) = 2, and rank(Xα+Xβ) = 3, so 〈T3,1, Xα+Xβ〉
is not equivalent to 〈Ta,1, Xα〉 or to 〈Ta,1, Xβ〉, for any a 6= 0,±1. More-
over, 〈Ta,1, Xα〉 cannot be equivalent to 〈Tb,1, Xβ〉, for any a, b 6= 0,±1.
Suppose 〈Ta,1, Xγ〉 is conjugate by g ∈ Sp(4,C) to 〈Tb,1, Xγ〉, for
some b ∈ C, b 6= 0,±1, where γ = α or β.
The elements of 〈Tb,1, Xγ〉 are all of the form cTb,1+dXγ, for c, d ∈ C,
and the semisimple ones are those for which c 6= 0.
For z ∈ C, consider
(33)
(id+ zXγ)(cTb,1 + dXγ)(id + zXγ)
−1
= (id+ zXγ)(cTb,1 + dXγ)(id − zXγ)
= (cTb,1 + dXγ) + z[Xγ , cTb,1 + dXγ ]− z2Xγ(cTb,1 + dXγ)Xγ
= (cTb,1 + dXγ)− cz[Tb,1,Xγ ]− cz2XγTb,1Xγ
= (cTb,1 + dXγ)− cz · γ(Tb,1)Xγ − cz2XγTb,1Xγ
= cTb,1 + (d− cz · γ(Tb,1))Xγ − cz2XγTb,1Xγ .
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A simple calculation shows that the last term is zero, and, if c 6= 0,
choosing z = d
cγ(Tb,1)
shows that the semisimple element cTb,1 + dXγ ∈
〈Tb,1, Xγ〉 is conjugate to cTb,1 by an element of the form (id + zXγ),
which normalizes 〈Tb,1, Xγ〉.
Since gTa,1g
−1 is a semisimple element of 〈Tb,1, Xγ〉 there must be c, d
with c 6= 0 so that the eigenvalues ±a,±1 of Ta,1 equal those of cTb,1.
The only possibilities are c = ±1 and b = ±a or c = ±a and b = ± 1
a
.
This amounts to saying that Ta,1 can be conjugated to ±Ta,1, ±T−a,1,
±T1,a, or±T1,−a, and we have already seen that all of these are possible.
Moreover, the eigenvalue of ad(Ta,1) or ad(T−a,1) corresponding to
the eigenvector Xα is α(Ta,1) = 2 or α(T−a,1) = 2, while the eigenvalue
of ad(T1,a) or ad(T1,−a) is 2a 6= ±2 or −2a 6= ±2, respectively. This
shows that there are no equivalences between 〈Ta,1, Xα〉 and 〈T1,±a, Xα〉.
Similarly, the eigenvalue of ad(Ta,1) or ad(−T1,a) corresponding to
the eigenvector Xβ is β(Ta,1) = a − 1 or β(−T1,a) = a − 1, while
the eigenvalue of ad(±T−a,1) or ad(±T1,−a) is ±(−a − 1) 6= a − 1 or
±(1+a) 6= a−1, respectively. This shows that there are no equivalences
between 〈Ta,1, Xβ〉 and 〈T1,−a, Xβ〉 or 〈T−a,1, Xβ〉.
We combine the above remarks.
Theorem 6.2. Up to equivalence under the action of Sp(4,C), a com-
plete set of representatives for the two-dimensional subalgebras contain-
ing a regular semisimple element is
(34)
t
〈T3,1, Xα +Xβ〉,
〈Ta,1, Xα〉, a 6= 0,±1,
〈Ta,1, Xβ〉, a 6= 0,±1,
with the understanding that 〈Ta,1, Xα〉 ∼ 〈T−a,1, Xα〉 and 〈Ta,1, Xβ〉 ∼
〈Ta−1,1, Xβ〉, but that otherwise these algebras are pairwise not equiva-
lent under Sp(4,C).
We also note that
(35)
〈Ta,1, Xα〉 ∼ 〈T±a−1,1, Xα+2β〉, and
〈Ta,1, Xβ〉 ∼ 〈T−a,1, Xα+β〉 ∼ 〈T−a−1,1, Xα+β〉.
6.1.2. Algebras Containing Non-Regular Semisimple Elements. Any non-
regular semisimple element of t is a scalar multiple of T0,1, T1,0, T1,1, or
T1,−1.
6.1.2.1. T0,1. Suppose a two-dimensional solvable subalgebra a ⊂ b con-
tains T0,1 but not t. Eigenvectors of ad(T0,1) in n are scalar multiples
of the root vectors Xα, Xβ, Xα+β, or Xα+2β , which have the distinct
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eigenvalues 2,−1, 1, and 0, respectively. The corresponding algebras
are 〈T0,1, Xα〉, 〈T0,1, Xβ〉, 〈T0,1, Xα+β〉, and 〈T0,1, Xα+2β〉.
If A is the matrix defined in Eq. (24), then A conjugates T0,1 to
−T0,1, Xβ to Xα+β, and Xα+β to −Xβ. This shows that 〈T0,1, Xβ〉 is
equivalent to 〈T0,1, Xα+β〉, so it suffices to consider 〈T0,1, Xβ〉.
A comparison of the eigenvalues of ad(T0,1) shows that 〈T0,1, Xα〉
cannot be equivalent to 〈T0,1, Xβ〉.
We observe that 〈T0,1, Xα+2β〉 is abelian, so it is inequivalent to
〈T0,1, Xα〉 and 〈T0,1, Xβ〉.
We summarize in the following lemma.
Lemma 6.3. The algebras 〈T0,1, Xα〉, 〈T0,1, Xβ〉, and 〈T0,1, Xα+2β〉 are
all inequivalent. Up to equivalence, they are representatives of all two-
dimensional solvable subalgebras a ⊂ b containing T0,1 but not t.
Also, 〈T0,1, Xβ〉 ∼ 〈T0,1, Xα+β〉. Moreover, 〈T0,1, Xα+2β〉 is abelian.
6.1.2.2. T1,0. Suppose a two-dimensional solvable subalgebra a ⊂ b con-
tains T1,0 but not t. Eigenvectors of ad(T1,0) in b are scalar multiples of
Xα or Xα+2β or linear combinations of Xβ and Xα+β, with eigenvalues
0, 2, 1, respectively.
If
(
a b
c d
)
∈ SL(2,C), then the matrix
(36)


1 0 0 0
0 a 0 b
0 0 1 0
0 c 0 d


centralizes T1,0 and conjugates Xβ to
(37)


0 d 0 −b
0 0 −b 0
0 0 0 0
0 0 −d 0

 ,
an arbitrary nonzero linear combination of Xβ and Xα+β.
We find that the algebras 〈T1,0, cXβ + dXα+β〉 for any c, d ∈ C,
not both zero are all pairwise equivalent. In particular, it suffices to
consider 〈T1,0, Xβ〉.
Since 〈T1,0, Xα〉 is abelian, it is not equivalent to 〈T1,0, Xβ〉 or to
〈T1,0, Xα+2β〉. A comparison of the eigenvalues of ad(T1,0) shows that
〈T1,0, Xβ〉 cannot be equivalent to 〈T1,0, Xα+2β〉.
We summarize in the following lemma.
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Lemma 6.4. The algebra 〈T1,0, Xα〉 is abelian. The algebras 〈T1,0, cXβ+
dXα+β〉 for any c, d ∈ C, not both zero, are all equivalent. The alge-
bras 〈T1,0, Xα〉, 〈T1,0, Xβ〉, and 〈T1,0, Xα+2β〉 are all inequivalent. Up
to equivalence, they are representatives of all two-dimensional solvable
subalgebras a ⊂ b containing T1,0 but not t.
6.1.2.3. Equivalences between subalgebras containing T1,0 and T0,1. From
Eq. (30), we see that 〈T0,1, Xα〉 ∼ 〈T1,0, Xα+2β〉 and 〈T1,0, Xα〉 ∼
〈T0,1, Xα+2β〉. We also see that 〈T1,0, Xβ〉 ∼ 〈T1,0, Xα+β〉 ∼ 〈T0,1, Xα+β〉.
Since 〈T1,0, Xα〉 is abelian and 〈T0,1, Xα〉 is not, they are inequiva-
lent. A comparison of the eigenvalues of ad(T1,0) and ad(T0,1) shows
that neither 〈T1,0, Xβ〉 nor 〈T0,1, Xβ〉 can be equivalent to 〈T1,0, Xα〉,
〈T1,0, Xα+2β〉, 〈T0,1, Xα〉, or 〈T0,1, Xα+2β〉.
We summarize in the following lemma.
Lemma 6.5. A two-dimensional solvable algebra containing T0,1 or
T1,0 is equivalent to one of the following:
(38) t, 〈T1,0, Xα〉, 〈T1,0, Xβ〉, 〈T1,0, Xα+2β〉.
These algebras are all pairwise inequivalent. The algebra 〈T1,0, Xα〉 is
abelian.
6.1.2.4. T1,1. Suppose a two-dimensional solvable subalgebra a ⊂ b con-
tains T1,1 but not t. Eigenvectors of ad(T1,1) in b are scalar multiples
of Xβ or linear combinations of Xα, Xα+β, and Xα+2β . In other words,
the 2-eigenspace of ad(T1,1) in b is np.
Conjugating a matrix T1,1 + N , with N ∈ np, by a matrix of the
block form
(
g 0
0 g−t
)
fixes T1,1 and takes N to gNg
t, so by Lemma 4.3,
every subalgebra of the form 〈T1,1, N〉, with 0 6= N ∈ np, is equiva-
lent to either 〈T1,1, Xα〉 or 〈T1,1, Xα+β〉, and these two subalgebras are
inequivalent because their nilpotent elements have different ranks.
Since these subalgebras are nonabelian and 〈T1,1, Xβ〉 is abelian, the
algebras 〈T1,1, Xα〉, 〈T1,1, Xβ〉, and 〈T1,1, Xα+β〉 are inequivalent. Any
semisimple element in any of these subalgebras has eigenvalues that are
a multiple of the eigenvalues of T1,1. Similarly, any semisimple element
in any of the subalgebras mentioned in Lemma 6.5 has eigenvalues that
are a multiple of the eigenvalues of T1,0. So none of these subalgebras
containing T1,1 can be equivalent to any of the subalgebras mentioned
in Lemma 6.5.
Finally, the 2-eigenspace of ad(T1,1) is np, and the equivalence class
of 〈T1,1, N〉, for N ∈ np, is determined by rank(N). We summarize.
18 ANDREW DOUGLAS AND JOE REPKA
Lemma 6.6. Every two-dimensional solvable subalgebra containing T1,1
but not t is equivalent to one of the inequivalent subalgebras 〈T1,1, Xα〉,
〈T1,1, Xβ〉, or 〈T1,1, Xα+β〉. None of these subalgebras is equivalent to
any of the subalgebras mentioned in Lemma 6.5 or in Theorem 6.2.
We also note that, for a, b, c ∈ C, not all zero, 〈T1,1, aXα+ bXα+β +
cXα+2β〉 ∼ 〈T1,1, Xα+β〉 unless aXα + bXα+β + cXα+2β has rank 1, in
which case 〈T1,1, aXα + bXα+β + cXα+2β〉 ∼ 〈T1,1, Xα〉. In particular,
〈T1,1, Xα+2β〉 ∼ 〈T1,1, Xα〉.
6.1.2.5. T1,−1. The Sp(4,C) matrix A in Eq. (24) conjugates T1,1 to
T1,−1.
It also takes Xβ to −Xα+β and vice versa, fixes Xα+2β , and takes Xα
out of b.
The Sp(4,C) matrix AJ conjugates T1,1 to −T1,−1. It also fixes Xα
and takes Xβ, Xα+β, and Xα+2β out of b.
We conclude that
(39)
〈T1,1, Xα〉 ∼ 〈T1,−1, Xα〉
〈T1,1, Xβ〉 ∼ 〈T1,−1, Xα+β〉
〈T1,1, Xα+β〉 ∼ 〈T1,−1, Xβ〉
〈T1,1, Xα+2β〉 ∼ 〈T1,−1, Xα+2β〉.
Since 〈T1,1, Xα+2β〉 ∼ 〈T1,1, Xα〉, we conclude that 〈T1,−1, Xα+2β〉 ∼
〈T1,−1, Xα〉. We also note that for c 6= 0, 〈T1,−1, Xβ + cXα+2β〉 ∼
〈T1,−1, Xβ〉. We summarize.
Theorem 6.7. Every two-dimensional solvable subalgebra containing
T1,1 or T1,−1 but not t is equivalent to one of the inequivalent subalge-
bras 〈T1,1, Xα〉, 〈T1,1, Xβ〉, or 〈T1,1, Xα+β〉. None of these subalgebras
is equivalent to any of the subalgebras mentioned in Lemma 6.5 or in
Theorem 6.2.
Moreover, 〈T1,−1, Xα+2β〉 ∼ 〈T1,1, Xα〉, and, for any c ∈ C, 〈T1,−1, Xβ
+cXα+2β〉 ∼ 〈T1,−1, Xβ〉.
6.2. Two-dimensional subalgebras not containing any semisim-
ple elements.
6.2.1. Two-dimensional algebras containing a nonsemisimple element
that is not nilpotent. Suppose a is a two-dimensional subalgebra of b
which does not contain any semisimple elements, but whose elements
are not all nilpotent.
If a = 〈X,X ′〉, where X = T +N , X ′ = T ′ +N ′, with T, T ′ ∈ t and
N,N ′ ∈ n, then we can assume T 6= 0. If T ′ is not a scalar multiple of
T , then T and T ′ span t, and some linear combination of X,X ′ would
have distinct eigenvalues and therefore would be semisimple. So T ′
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must be a multiple of T , and X ′ can be replaced by X ′′ = N ′′ ∈ n.
Since dim(a) = 2, [X,X ′′] must be a scalar multiple of X ′′.
Without loss of generality, we can assume that T has the form of one
of the first four classes under the action of B in Table 2. In fact, we
can even assume that the parameter a in these classes is equal to 1.
For example, it is clear that X = T1,1 +Xβ commutes with Xβ, so
〈T1,1 +Xβ, Xβ〉 = 〈T1,1, Xβ〉 is a commutative two-dimensional algebra
containing a semisimple element. A simple calculation shows that the
only other possibility for X ′′ = N ′′ ∈ n satisfying [X,X ′′] = vX ′′, for
some v ∈ C, is for X ′′ to be a multiple of Xα+2β . So 〈T1,1+Xβ, Xα+2β〉
is a noncommutative two-dimensional algebra.
Similarly, it is clear that X = T1,−1+Xα+β commutes with Xα+β , so
〈T1,−1+Xα+β , Xα+β〉 = 〈T1,−1, Xα+β〉 is a commutative two-dimensional
algebra containing a semisimple element. A simple calculation shows
that the only other possibilities for X ′′ = N ′′ ∈ n satisfying [X,X ′′] =
vX ′′, for some v ∈ C, are for X ′′ to be a multiple of Xα or of Xα+2β.
So 〈T1,−1 +Xα+β, Xα〉 and 〈T1,−1 +Xα+β , Xα+2β〉 are noncommutative
two-dimensional algebras. Note that they are conjugate by the element
W of Eq. (22).
We will use the following lemma.
Lemma 6.8. The Sp(4,C) matrix A in Eq. (24) conjugates
(40)


λ 1 0 0
0 λ 0 0
0 0 −λ 0
0 0 −1 −λ

 into


λ 0 0 1
0 −λ 1 0
0 0 −λ 0
0 0 0 λ

 ,
for any λ ∈ C.
Proof. Straightforward calculation. 
Note too that by Lemma 6.8 and an easy calculation, the Sp(4,C)
matrix A in Eq. (24) conjugates 〈T1,1 +Xβ, Xα+2β〉 to 〈T1,−1 +Xα+β,
Xα+2β〉 ∼ 〈T1,−1 +Xα+β, Xα〉.
For X = T1,0+Xα, clearly 〈T1,0+Xα, Xα〉 = 〈T1,0, Xα〉 is a commuta-
tive two-dimensional algebra containing a semisimple element. A sim-
ple calculation shows that the only other possibilities for X ′′ = N ′′ ∈ n
satisfying [X,X ′′] = vX ′′, for some v ∈ C, are for X ′′ to be a multiple
of Xα+β or of Xα+2β . So 〈T1,0 + Xα, Xα+β〉 and 〈T1,0 + Xα, Xα+2β〉,
are noncommutative two-dimensional algebras. Note that they are not
conjugate by any element of Sp(4,C) because the elements which have
eigenvalues 1,−1, 0, 0, i.e., ±T1,0+N , for some N ∈ n, have eigenvalue
±1 on Xα+β and eigenvalue ±2 on Xα+2β.
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For X = T0,1 +Xα+2β, clearly 〈T0,1 +Xα+2β , Xα+2β〉 = 〈T0,1, Xα+2β〉
is a commutative two-dimensional algebra containing a semisimple el-
ement. A simple calculation shows that the only other possibilities
for X ′′ = N ′′ ∈ n satisfying [X,X ′′] = vX ′′, for some v ∈ C, are
for X ′′ to be a multiple of Xα, Xβ, or Xα+β. So 〈T0,1 + Xα+2β, Xα〉,
〈T0,1+Xα+2β , Xβ〉, and 〈T0,1+Xα+2β , Xα+β〉 are noncommutative two-
dimensional algebras. Note that the last two of these are conjugate by
the element A of Eq. (24).
However, 〈T0,1+Xα+2β, Xα〉 and 〈T0,1+Xα+2β , Xβ〉 are not conjugate
by any element of Sp(4,C) because the elements which have eigenvalues
1,−1, 0, 0, i.e., ±T0,1 +N , for some N ∈ n, have eigenvalue ±2 on Xα
and eigenvalue ±1 on Xβ.
Moreover, the element W of Eq. (22) conjugates 〈T0,1 +Xα+2β , Xα〉
to 〈T1,0+Xα, Xα+2β〉 and 〈T0,1+Xα+2β , Xα+β〉 ∼ 〈T0,1+Xα+2β , Xβ〉 to
〈T1,0 +Xα, Xα+β〉.
Finally, note that none of these two-dimensional algebras containing
a singular matrix T1,0+Xα or T0,1+Xα+2β, but no semisimple elements,
can be conjugate to any of the algebras containing an invertible matrix
T1,1 +Xβ or T1,−1 +Xα+β.
Theorem 6.9. A two-dimensional subalgebra of b which does not con-
tain any semisimple elements, but whose elements are not all nilpotent,
must be equivalent to one of the following inequivalent algebras:
(41) 〈T1,1 +Xβ, Xα+2β〉, 〈T1,0 +Xα, Xα+β〉, 〈T1,0 +Xα, Xα+2β〉.
6.2.2. Two-dimensional algebras whose elements are all nilpotent. Sup-
pose a ⊆ g is a two-dimensional algebra whose elements are all nilpo-
tent. If a ⊂ np, then there are exactly two possible classes, as listed in
Lemma 5.1:
(42) 〈Xα, Xα+β〉, 〈Xα, Xα+2β〉.
Otherwise, we can assume that a is generated by X = Xβ + sXα +
tXα+β + uXα+2β and X
′′ = rXα+ vXα+β +wXα+2β. A simple calcula-
tion shows that the only way that [X,X ′′] can be a scalar multiple of
X ′′ is for X ′′ to be a (nonzero) multiple of Xα+2β , in which case a is
commutative.
Now 〈Xβ + sXα + tXα+β + uXα+2β , Xα+2β〉 ∼ 〈Xβ + sXα + tXα+β,
Xα+2β〉, and Id + tXα conjugates the latter to 〈Xβ + sXα, Xα+2β〉.
Then, if s 6= 0 and z2 = s, diag(1/z, 1/z, z, z) conjugates this into
〈Xβ +Xα, Xα+2β〉.
On the other hand, if s = 0, then a = 〈Xβ, Xα+2β〉. If A and W are
the matrices in Eqs. (24) and (22), respectively, then WA conjugates
〈Xβ, Xα+2β〉 to 〈Xα, Xα+β〉.
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The algebra 〈Xβ +Xα, Xα+2β〉 contains elements of rank 3, so it is
inequivalent to either of the algebras contained in np, whose elements
have rank 2 or less.
Note that 〈Xα, Xα+2β〉 contains two lines consisting of elements of
rank 1, while 〈Xα, Xα+β〉 contains only one such line. Hence they are
inequivalent. And all the elements in either of them have rank at most
2, whereas 〈Xβ+Xα, Xα+2β〉 contains elements of rank 3. Accordingly,
these three algebras are pairwise inequivalent.
We summarize.
Theorem 6.10. Each two-dimensional subalgebra whose elements are
all nilpotent is conjugate to exactly one of the following inequivalent
abelian algebras:
(43) 〈Xα, Xα+β〉, 〈Xα, Xα+2β〉, 〈Xβ +Xα, Xα+2β〉.
7. Three-dimensional solvable subalgebras of sp(4,C)
In this section, we classify the three-dimensional solvable subalge-
bras of sp(4,C), dividing them into four cases: Three-dimensional
subalgebras containing a Cartan subalgebra (see Lemma 7.1); three-
dimensional subalgebras containing a semisimple element but not a
Cartan subalgebra (see Theorems 7.2, 7.5 and 7.7); non-nilpotent three-
dimensional solvable algebras containing no semisimple elements (see
Theorem 7.8); and three-dimensional nilpotent subalgebras (see The-
orem 7.9). Again, without loss of generality, we assume that each
solvable subalgebra is in the Borel subalgebra b. The results are sum-
marized in Table 5. We begin with a lemma.
Lemma 7.1. Each three-dimensional solvable algebra containing a Car-
tan subalgebra is conjugate to exactly one of the following inequivalent
subalgebras:
(44) 〈t, Xα〉, 〈t, Xβ〉.
Moreover, 〈t, Xα〉 ∼ 〈t, Xα+2β〉 and 〈t, Xβ〉 ∼ 〈t, Xα+β〉.
Proof. We can assume that such an algebra is contained in b and con-
tains t. Then it must contain exactly one of the positive root vectors.
But the matrix W of Eq. (22) conjugates 〈t, Xα〉 to 〈t, Xα+2β〉, and
the matrix A of Eq. (24) conjugates 〈t, Xβ〉 to 〈t, Xα+β〉.
Since 〈t, Xβ〉 contains nilpotent elements of rank 2 while the nilpotent
elements of 〈t, Xα〉 all have rank 1, these two algebras are inequivalent.

7.1. Three-dimensional subalgebras containing a semisimple
element but not a Cartan subalgebra.
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7.1.1. Regular semisimple elements. Suppose a is a three-dimensional
solvable subalgebra of b which contains a regular semisimple element
but not t. Then we can assume it contains Ta,1, for some a 6= 0,±1, but
not t. By Lemma 5.3, we can assume a = 〈Ta,1, N,N ′〉, with N,N ′ ∈ n.
If a 6= 3, the only possibilities are for N,N ′ to be two commuting
positive root vectors:
(45)
〈Ta,1, Xα, Xα+β〉, 〈Ta,1, Xα, Xα+2β〉,
〈Ta,1, Xα+β, Xα+2β〉, 〈Ta,1, Xβ, Xα+2β〉.
If a = 3, there is the additional possibility 〈T3,1, Xα + Xβ, Xα+2β〉.
It is inequivalent to any of the others because it contains the nilpo-
tent element Xα +Xβ, which has rank 3, while all the others contain
nilpotent elements of rank at most 2.
The element W of Eq. (22) conjugates 〈Ta,1, Xα, Xα+β〉 to 〈Ta−1,1,
Xα+β, Xα+2β〉 and 〈Ta,1, Xα, Xα+2β〉 to 〈Ta−1,1, Xα, Xα+2β〉. Also, the
matrix A of Eq. (24) conjugates 〈Ta,1, Xβ, Xα+2β〉 to 〈T−a,1, Xα+β,
Xα+2β〉. Accordingly, any three-dimensional solvable subalgebra con-
taining a regular semisimple element but not all of t must be equivalent
to one of the following:
(46)
〈Ta,1, Xα, Xα+β〉, a 6= 0,±1
〈Ta,1, Xα, Xα+2β〉, a 6= 0,±1
〈T3,1, Xα +Xβ, Xα+2β〉.
However, we do know that for a 6= 0,±1, 〈Ta,1, Xα, Xα+2β〉 ∼ 〈Ta−1,1,
Xα, Xα+2β〉. Otherwise, we claim that these algebras are inequivalent.
Indeed, by consideration of the ranks of the nilpotent elements, we
have seen that the algebra in the last line is inequivalent to any of the
others. Moreover, those in the first line contain nilpotent elements of
rank 2 except for those on the single line spanned by Xα, while those
in the second line contain nilpotent elements of rank 2 except for those
on the two lines spanned by Xα and by Xα+2β . None of the algebras
on the first line can be equivalent to any of the algebras on the second,
even for different values of a 6= 0,±1.
So consider a = 〈Ta,1, Xα, Xα+β〉, with a 6= 0,±1. The only other ele-
ments of t with the same eigenvalues as Ta,1 are −Ta,1, ±T−a,1, ±T1,±a.
So we can assume that if g ∈ Sp(4,C) conjugates a to an algebra
〈Tb,1, Xα, Xα+β〉, other than a itself, then it conjugates Ta,1 to one
of these seven matrices. The vectors Xα and Xα+β are eigenvectors
of ad(Ta,1) with eigenvalues 2 and a + 1, respectively. The element
g ∈ Sp(4,C) must conjugate eigenvectors to eigenvectors. But since
they have different ranks, it must conjugate each to a multiple of itself.
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The only one of the seven matrices above whose adjoint has eigen-
value 2 onXα is T−a,1, and its eigenvalue on Xα+β is 1−a, which cannot
equal 1+a, since a 6= 0. We conclude that the algebras 〈Ta,1, Xα, Xα+β〉,
with a 6= 0,±1, are pairwise inequivalent.
Now consider a = 〈Ta,1, Xα, Xα+2β〉, with a 6= 0,±1. The vectors Xα
and Xα+2β〉 are eigenvectors of ad(Ta,1) with eigenvalues 2, 2a, respec-
tively. The only one of the seven conjugates of Ta,1 in t with the same
adjoint eigenvalues is T1,a, corresponding to the equivalence we have
already seen arising from conjugation by W .
Theorem 7.2. Each three-dimensional solvable subalgebra which con-
tains a regular semisimple element but not a Cartan subalgebra is con-
jugate to one of the following:
(47)
〈Ta,1, Xα, Xα+β〉, a 6= 0,±1,
〈Ta,1, Xα, Xα+2β〉 ∼ 〈Ta−1,1, Xα, Xα+2β〉, a 6= 0,±1,
〈T3,1, Xα +Xβ, Xα+2β〉.
Apart from the equivalences noted, the algebras listed above are pairwise
inequivalent.
7.1.2. Singular semisimple elements. Suppose a is a three-dimensional
solvable subalgebra of b which contains a singular semisimple element
but not a Cartan subalgebra. We can assume a contains one of T1,1,
T1,−1, T1,0, or T0,1, but not t.
7.1.2.1. T0,1. Suppose a three-dimensional solvable subalgebra a ⊂ b
contains T0,1 but not t. The eigenvectors of ad(T0,1) in n are scalar
multiples of the root vectors Xα, Xβ , Xα+β, or Xα+2β, which have
the distinct eigenvalues 2,−1, 1, and 0, respectively. The only possi-
ble three-dimensional algebras are 〈T0,1, Xα, Xα+β〉, 〈T0,1, Xα, Xα+2β〉,
〈T0,1, Xα+β, Xα+2β〉, and 〈T0,1, Xβ, Xα+2β〉.
If A is the matrix defined in Eq. (24), then A conjugates T0,1 to
−T0,1, Xβ to Xα+β , Xα+β to −Xβ, and Xα+2β to itself. This shows
that 〈T0,1, Xα+β, Xα+2β〉 is equivalent to 〈T0,1, Xβ, Xα+2β〉.
A comparison of the eigenvalues of ad(T0,1) shows that the three
remaining algebras are inequivalent.
We summarize in the following lemma.
Lemma 7.3. Every solvable three-dimensional subalgebra of b which
contains T0,1 but not t is equivalent to one of the following inequivalent
algebras:
(48) 〈T0,1, Xα, Xα+β〉, 〈T0,1, Xα, Xα+2β〉, 〈T0,1, Xα+β, Xα+2β〉.
Also, 〈T0,1, Xα+β, Xα+2β〉 ∼ 〈T0,1, Xβ, Xα+2β〉.
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7.1.2.2. T1,0. Suppose a three-dimensional solvable subalgebra a ⊂ b
contains T1,0 but not t. From the eigenvalues and eigenvectors of
ad(T1,0) in n as described in §6.1.2.2, we find that the only possible
three-dimensional algebras are 〈T1,0, Xα, Xα+β〉, 〈T1,0, Xα, Xα+2β〉, and
〈T1,0, aXβ + bXα+β , Xα+2β〉.
The matrix defined in Eq. (36) centralizes T1,0 and conjugates Xβ
to an arbitrary linear combination of Xβ and Xα+β . This shows that
〈T1,0, aXβ + bXα+β , Xα+2β〉 ∼ 〈T1,0, Xβ, Xα+2β〉, for any a, b ∈ C, not
both zero.
A comparison of the eigenvalues of ad(T1,0) shows that there are no
additional equivalences.
We summarize in the following lemma.
Lemma 7.4. Every solvable three-dimensional subalgebra of b which
contains T1,0 but not t is equivalent to one of the following inequivalent
algebras:
(49) 〈T1,0, Xα, Xα+β〉, 〈T1,0, Xα, Xα+2β〉, 〈T1,0, Xα+β, Xα+2β〉.
Also, for any a, b ∈ C, not both zero, 〈T1,0, aXβ + bXα+β, Xα+2β〉 ∼
〈T1,0, Xβ, Xα+2β〉 ∼ 〈T1,0, Xα+β, Xα+2β〉.
Theorem 7.5. Every solvable three-dimensional subalgebra of b which
contains a semisimple element which has zero as an eigenvalue but does
not contain all of t is equivalent to one of the following inequivalent
algebras:
(50) 〈T1,0, Xα, Xα+β〉, 〈T1,0, Xα, Xα+2β〉, 〈T1,0, Xα+β, Xα+2β〉.
Proof. The element W defined in Eq. (22) takes T0,1 to T1,0, Xα+β to
−Xα+β, Xα to −Xα+2β , and Xα+2β to −Xα. The result follows from
Lemmas 7.3 and 7.4. 
7.1.2.3. T1,−1. From the eigenvalues and eigenvectors of ad(T1,−1) in n
as described in §6.1.2.5, we find that the three-dimensional subalgebras
of b which contain T1,−1 but not t are:
(51)
〈T1,−1, Xα, Xα+β〉,
〈T1,−1, Xα, Xα+2β〉,
〈T1,−1, Xα+β, Xα+2β〉,
〈T1,−1, Xβ, Xα+2β〉.
The element W ∈ Sp(4,C) conjugates 〈T1,−1, Xα, Xα+β〉 to 〈T1,−1,
Xα+β, Xα+2β〉, and comparison of the eigenvalues of ad(T1,−1) shows
that this is the only equivalence.
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Lemma 7.6. Any three-dimensional solvable subalgebra of b which con-
tains T1,−1 but not t is equivalent to one of the following inequivalent
algebras:
(52)
〈T1,−1, Xα+β, Xα+2β〉,
〈T1,−1, Xα, Xα+2β〉,
〈T1,−1, Xβ, Xα+2β〉.
Moreover, 〈T1,−1, Xα+β, Xα+2β〉 ∼ 〈T1,−1, Xα, Xα+β〉.
7.1.2.4. T1,1. We recall the eigenvalues and eigenvectors of ad(T1,1) in
n as described in §6.1.2.4. Because the 2-eigenspace of ad(T1,1) in n
is np, we find from Lemma 5.1 that any three-dimensional solvable
subalgebra a ⊂ b containing T1,1 but not t is conjugate to one of the
following:
(53)
〈T1,1, Xα+β, Xα+2β〉,
〈T1,1, Xα, Xα+2β〉,
〈T1,1, Xβ, Xα+2β〉.
The matrix A defined in Eq. (24) conjugates 〈T1,−1, Xα+β, Xα+2β〉
to 〈T1,1, Xβ, Xα+2β〉 and 〈T1,−1, Xβ, Xα+2β〉 to 〈T1,1, Xα+β, Xα+2β〉.
Since the eigenvalues of ad(T1,−1) on Xα and Xα+2β are −2 and 2,
respectively, while those of ad(T1,1) on Xα and Xα+2β are both 2, we
see that 〈T1,1, Xα, Xα+2β〉 is not equivalent to 〈T1,−1, Xα, Xα+2β〉. Since
the eigenvalue of ad(T1,1) on Xβ is 0, we also see that 〈T1,1, Xα, Xα+2β〉
is not equivalent to 〈T1,1, Xβ, Xα+2β〉.
Finally, the two-dimensional space spanned by Xα+β and Xα+2β con-
sists of elements which are all of rank 2, except for those on a single
line, which are of rank 1. However, the span of Xα and Xα+2β contains
two lines of elements of rank 1. This shows that 〈T1,1, Xα+β, Xα+2β〉 is
not equivalent to 〈T1,1, Xα, Xα+2β〉.
We summarize:
Theorem 7.7. Any three-dimensional solvable subalgebra of b contain-
ing a semisimple element with eigenvalues 1, 1,−1,−1 but not contain-
ing t is equivalent to one of the following inequivalent algebras:
(54)
〈T1,−1, Xα+β, Xα+2β〉 ∼ 〈T1,1, Xβ, Xα+2β〉,
〈T1,−1, Xα, Xα+2β〉,
〈T1,−1, Xβ, Xα+2β〉 ∼ 〈T1,1, Xα+β, Xα+2β〉,
〈T1,1, Xα, Xα+2β〉.
7.2. Non-nilpotent three-dimensional solvable algebras con-
taining no semisimple elements. Any three-dimensional solvable
algebra a containing no semisimple elements but which does not con-
sist entirely of nilpotent elements must contain an element conjugate to
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one of the first four matrices in Table 2. Possibly after a conjugation,
we can assume that a contains one of the following elements:
(55) T1,1 +Xβ, T1,−1 +Xα+β, T1,0 +Xα, T0,1 +Xα+2β .
Note that each of these elements is of the form T+X , where 0 6= T ∈ t
is non-regular and X is the only positive root vector that commutes
with T . Note that if N is any linear combination of the other positive
root vectors, then T +N is semisimple. By Lemma 5.3, a has a basis
consisting of one of the above elements and two elements of n which are
linear combinations of the positive root vectors that do not commute
with it.
7.2.1. T1,1 + Xβ. If a contains T1,1 + Xβ, then it cannot contain an
element of the form Xα + bXα+β + cXα+2β , because any such algebra
would contain all of np and thus have dimension 4. The only possible
algebra is 〈T1,1 +Xβ, Xα+β, Xα+2β〉.
7.2.2. T1,−1+Xα+β. If a contains T1,−1+Xα+β, then it cannot contain
an element of the form aXβ + bXα + cXα+2β , with a, b 6= 0, because
any such algebra would contain all of n and hence T1,−1. The only pos-
sibilities are 〈T1,−1+Xα+β , Xα, Xα+2β〉 and 〈T1,−1 +Xα+β, Xβ, Xα+2β〉.
7.2.3. T1,0 + Xα. If a contains T1,0 + Xα, then it cannot contain an
element of the form Xβ + bXα+β + cXα+2β , because any such algebra
would contain all of np and hence T1,0. The only possibility is 〈T1,0 +
Xα, Xα+β, Xα+2β〉.
7.2.4. T0,1+Xα+2β. Note that Xα+2β commutes with all the other pos-
itive root vectors, and they have distinct eigenvalues for ad(T0,1) and
hence for ad(T0,1 +Xα+2β). So if a contains T0,1 +Xα+2β, then it has
a basis consisting of T0,1 + Xα+2β and two positive root vectors other
than Xα+2β .
It cannot contain Xα and Xβ because they generate n. It cannot
contain Xβ and Xα+β because then it would contain Xα+2β and hence
T0,1. The only possibility is 〈T0,1 +Xα+2β , Xα, Xα+β〉.
7.2.5. Equivalences. The algebras 〈T1,1 +Xβ, Xα+β, Xα+2β〉 and 〈T1,−1
+Xα+β, Xα, Xα+2β〉 cannot be equivalent, since in the former, the re-
striction of ad(T1,1+Xβ) to the nilpotent subspace has a two-dimensional
generalized eigenspace with eigenvalue 2, whereas in the latter, the re-
striction of ad(T1,−1 + Xα+β) to the nilpotent subspace has distinct
eigenvalues 2,−2.
However, the element W of Eq. (22) takes 〈T1,0 +Xα, Xα+β, Xα+2β〉
to 〈T0,1 + Xα+2β , Xα, Xα+β〉, showing that they are equivalent. The
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matrix A defined in Eq. (24) conjugates 〈T1,1 + Xβ, Xα+β, Xα+2β〉 to
〈T1,−1 +Xα+β, Xβ, Xα+2β〉.
Finally, we note that 〈T1,0 + Xα, Xα+β, Xα+2β〉 consists entirely of
singular elements, so it cannot be conjugate to either 〈T1,1+Xβ, Xα+β,
Xα+2β〉 or 〈T1,−1 +Xα+β, Xα, Xα+2β〉, both of which contain invertible
matrices.
Theorem 7.8. Any three-dimensional solvable algebra a containing
no semisimple elements but which does not consist entirely of nilpo-
tent elements must be equivalent to one of the following inequivalent
subalgebras:
(56)
〈T1,1 +Xβ, Xα+β, Xα+2β〉 ∼ 〈T1,−1 +Xα+β, Xβ, Xα+2β〉,
〈T1,−1 +Xα+β , Xα, Xα+2β〉,
〈T1,0 +Xα, Xα+β, Xα+2β〉 ∼ 〈T0,1 +Xα+2β , Xα, Xα+β〉.
7.3. Three-dimensional nilpotent subalgebras. Since [Xβ, Xα] =
Xα+β and [Xβ, Xα+β] = 2Xα+2β , Xβ and Xα generate n and Xβ and
Xα+β generate 〈Xβ, Xα+β, Xα+2β〉. In fact, any algebra containing an
element of the form Xβ +N , with N ∈ np, and an element of the form
Xα + bXα+β + cXα+2β must contain n. For any r, s 6= 0, the algebra
〈rXβ + sXα, Xα+β, Xα+2β〉 is conjugate by an element of the diagonal
subgroup T ⊂ Sp(4,C) to 〈Xβ +Xα, Xα+β, Xα+2β〉. We summarize.
Theorem 7.9. Any three-dimensional solvable subalgebra a consisting
entirely of nilpotent elements must be equivalent to one of the following
inequivalent subalgebras:
(57) np, 〈Xβ, Xα+β, Xα+2β〉, 〈Xβ +Xα, Xα+β, Xα+2β〉.
8. Four-dimensional solvable subalgebras of sp(4,C)
In this section, we classify the four-dimensional solvable subalgebras
of sp(4,C) into five cases: Four-dimensional subalgebras containing a
Cartan subalgebra (see Theorem 8.1); solvable subalgebras containing a
regular semisimple element but not all of t (see Theorem 8.2); solvable
subalgebras containing a non-regular semisimple element but not all
of t (see Theorem 8.4); non-nilpotent solvable subalgebras containing
no semisimple elements (see Theorem 8.5); and nilpotent subalgebras
(see Theorem 8.6). Again, without loss of generality, we assume that
each solvable subalgebra is in the Borel subalgebra b. The results are
summarized in Table 6.
8.1. Four-dimensional Subalgebras Containing a Cartan Sub-
algebra. The four-dimensional subalgebras of b that contain t are
(58) 〈t, Xα, Xα+β〉, 〈t, Xα, Xα+2β〉, 〈t, Xα+β, Xα+2β〉, 〈t, Xβ, Xα+2β〉.
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The element W of Eq. (22) conjugates 〈t, Xα, Xα+β〉 to 〈t, Xα+β,
Xα+2β〉, and the element A of Eq. (24) conjugates 〈t, Xβ, Xα+2β〉 to
〈t, Xα+β, Xα+2β〉.
Consider the eight elements T±2,±1, T±1,±2 ∈ t. They are all the
elements of t that have distinct eigenvalues ±1,±2. Acting on n via
the adjoint representation, they all have the property that they act
with even eigenvalues on the root vectors corresponding to long roots
and with odd eigenvalues on the root vectors corresponding to short
roots. This shows that 〈t, Xα, Xα+β〉 is not equivalent to 〈t, Xα, Xα+2β〉.
We summarize.
Theorem 8.1. Any four-dimensional subalgebra of b that contains t is
equivalent to one of the following inequivalent subalgebras.
(59) 〈t, Xα, Xα+β〉, 〈t, Xα, Xα+2β〉.
8.2. Four-dimensional solvable subalgebras containing a regu-
lar semisimple element but not a Cartan subalgebra. Suppose
a 6= 0,±1. If a 6= 3, then it is easy to see that any four-dimensional
subalgebra a ⊂ b which contains Ta,1 but not t must be one of the
following:
(60) 〈Ta,1, np〉, 〈Ta,1, Xβ, Xα+β, Xα+2β〉.
In the first case, [a, a] = np, which is abelian, while in the second,
[a, a] = 〈Xβ, Xα+β, Xα+2β〉, which is not. In particular, the two algebras
are not equivalent.
We also observe that the matrix W of Eq. (22) conjugates 〈Ta,1, np〉
to 〈Ta−1,1, np〉. As in §7.1.1, we argue that any other equivalence be-
tween pairs of such algebras must take Ta,1 to one of ±Ta,1, ±T1,a,
±T−a,1, or ±T1,−a. The only possibilities with the right eigenvalues on
np are Ta,1 and T1,a, so the above equivalence is the only one.
Similarly, the matrixA of Eq. (24) conjugates 〈Ta,1, Xβ, Xα+β, Xα+2β〉
to 〈T−a,1, Xβ, Xα+β, Xα+2β〉. In any equivalence between two algebras
of this form, the only rank 1 eigenvector Xα+2β must go to a multiple
of itself, so its eigenvalue must be preserved, and the only possibilities
are that Ta,1 must go to itself or Ta,−1. Again the above equivalence is
the only one.
If a = 3, then two analogous algebras occur, with the same equiv-
alences, but for any r, s 6= 0, there is also the algebra 〈T3,1, rXα +
sXβ, Xα+β, Xα+2β〉. By Lemma 6.1, for any nonzero r, s, this algebra
is equivalent to a = 〈T3,1, Xα +Xβ, Xα+β, Xα+2β〉.
This algebra a is not equivalent to 〈Ta,1, np〉, for any a 6= 0,±1, be-
cause [a, a] = 〈Xα+Xβ, Xα+β, Xα+2β〉, which is not abelian. Moreover,
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it is not equivalent to 〈Ta,1, Xβ, Xα+β, Xα+2β〉, for any a 6= 0,±1, be-
cause the corresponding commutator subalgebras are 〈Xα+Xβ, Xα+β,
Xα+2β〉 and 〈Xβ, Xα+β, Xα+2β〉, whose elements are generically of rank
3 and rank 2, respectively.
We summarize.
Theorem 8.2. Any four-dimensional subalgebra of b that contains a
regular semisimple element but not a Cartan subalgebra is equivalent to
one of the following subalgebras, which are inequivalent apart from the
equivalences noted.
(61)
〈Ta,1, np〉 ∼ 〈Ta−1,1, np〉,
〈Ta,1, Xβ , Xα+β, Xα+2β〉 ∼ 〈T−a,1, Xβ , Xα+β, Xα+2β〉,
〈T3,1, Xα +Xβ, Xα+β , Xα+2β〉.
where a 6= 0,±1.
8.3. Four-dimensional solvable subalgebras containing a non-
regular semisimple element but not a Cartan subalgebra. As
was observed in §6.1.2, the non-regular elements in t are multiples of
T1,0, T0,1, T1,1, and T1,−1.
8.3.1. T0,1. Since the positive root vectors have different eigenvalues for
ad(T0,1), the only possibilities are algebras spanned by three of them to-
gether with T0,1. The only possibilities are 〈T0,1, np〉 and 〈T0,1, Xβ, Xα+β,
Xα+2β〉. Since the eigenvalues of ad(T0,1) on np are 0, 1, 2 while those
on 〈Xβ, Xα+β, Xα+2β〉 are −1, 1, 0, we see they are inequivalent.
8.3.2. T1,0. The eigenvalues of the positive root vectors for ad(T1,0) are
1 for Xβ and for Xα+β , 0 for Xα, and 2 for Xα+2β.
It is not difficult to check that the only possibilities are 〈T1,0, np〉
and 〈T1,0, Xβ, Xα+β, Xα+2β〉. Since the eigenvalues of ad(T1,0) on np
are 0, 1, 2 while those on 〈Xβ, Xα+β, Xα+2β〉 are 1, 1, 2, we see they are
inequivalent.
The matrix W of Eq. (22) conjugates 〈T0,1, np〉 to 〈T1,0, np〉, but
〈T0,1, Xβ, Xα+β, Xα+2β〉 and 〈T1,0, Xβ, Xα+β, Xα+2β〉 are inequivalent be-
cause in the former, ad(T0,1) is singular on the nilpotent subalgebra
while in the latter, ad(T1,0) is nonsingular on the nilpotent subalgebra.
We summarize.
Lemma 8.3. A four-dimensional solvable algebra containing T0,1 or
T1,0 but not a Cartan subalgebra is equivalent to one of the following:
(62)
〈T0,1, np〉 ∼ 〈T1,0, np〉,
〈T0,1, Xβ, Xα+β, Xα+2β〉,
〈T1,0, Xβ, Xα+β, Xα+2β〉.
These algebras are all pairwise inequivalent.
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8.3.3. T1,1. The eigenvalues of the positive root vectors for ad(T1,1) are
0 for Xβ and 2 for Xα, Xα+β, and Xα+2β .
It is not difficult to check that the only possibilities are 〈T1,1, np〉
and 〈T1,1, Xβ, Xα+β, Xα+2β〉. Since the eigenvalues of ad(T1,1) on np
are 2, 2, 2 while those on 〈Xβ, Xα+β, Xα+2β〉 are 0, 2, 2, we see they are
inequivalent.
8.3.4. T1,−1. The eigenvalues of the positive root vectors for ad(T1,−1)
are 2 for Xβ and Xα+2β, −2 for Xα, and 0 for Xα+β . It is not difficult
to check that the only possibilities are 〈T1,−1, np〉 and 〈T1,−1, Xβ, Xα+β,
Xα+2β〉. Since the eigenvalues of ad(T1,−1) on np are −2, 0, 2 while those
on 〈Xβ, Xα+β, Xα+2β〉 are 2, 0, 2, we see they are inequivalent.
The matrix A of Eq. (24) conjugates 〈T1,1, Xβ, Xα+β, Xα+2β〉 to
〈T1,−1, Xβ, Xα+β, Xα+2β〉. Consideration of the eigenvalues of ad(T1,−1)
on np shows that 〈T1,1, np〉 and 〈T1,−1, np〉 are not equivalent.
We summarize.
Theorem 8.4. A four-dimensional solvable algebra containing a non-
regular semisimple element but not a Cartan subalgebra is equivalent to
one of the following:
(63)
〈T0,1, np〉 ∼ 〈T1,0, np〉,
〈T0,1, Xβ, Xα+β , Xα+2β〉,
〈T1,0, Xβ, Xα+β , Xα+2β〉,
〈T1,1, np〉,
〈T1,−1, np〉,
〈T1,1, Xβ, Xα+β , Xα+2β〉 ∼ 〈T1,−1, Xβ, Xα+β, Xα+2β〉,
These algebras are all pairwise inequivalent.
8.4. Non-nilpotent four-dimensional solvable algebras contain-
ing no semisimple elements. As in §7.2, we see that, possibly after
a conjugation, any four-dimensional solvable algebra a containing no
semisimple elements but which does not consist entirely of nilpotent
elements must contain one of the following elements:
(64) T1,1 +Xβ, T1,−1 +Xα+β, T1,0 +Xα, T0,1 +Xα+2β .
By Lemma 5.3 and the argument given at the beginning of §§7.2, a
has a basis consisting of one of the above elements and three elements
of n which are linear combinations of the positive root vectors that do
not commute with it. However, since 〈T1,−1 + Xα+β, Xα, Xβ, Xα+2β〉
and 〈T0,1 +Xα+2β, Xα, Xβ, Xα+β〉 both contain Xα and Xβ , they both
contain all of n, and hence the former contains the semisimple element
T1,−1 and the latter contains T0,1.
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The remaining two algebras 〈T1,1+Xβ, Xα, Xα+β, Xα+2β〉 and 〈T1,0+
Xα, Xβ, Xα+β, Xα+2β〉 are clearly inequivalent, because the former con-
tains invertible elements while the latter does not.
Theorem 8.5. Any four-dimensional solvable algebra a containing no
semisimple elements but which does not consist entirely of nilpotent
elements must be conjugate to one of the following inequivalent algebras:
(65)
〈T1,1 +Xβ , Xα, Xα+β, Xα+2β〉,
〈T1,0 +Xα, Xβ, Xα+β, Xα+2β〉.
8.5. Four-dimensional nilpotent subalgebras.
Theorem 8.6. The only four-dimensional nilpotent subalgebra of b is
n.
9. Five- and six-dimensional solvable subalgebras of
sp(4,C)
9.1. Five-dimensional solvable subalgebras. A five-dimensional
solvable subalgebra a ⊂ b must contain some semisimple elements.
By Lemma 5.2, we can assume it contains t if it contains a Cartan
subalgebra and 0 6= T ∈ t otherwise.
If a ⊂ b contains t, then it must be spanned by t and three of the
root vectors Xα, Xβ, Xα+β, and Xα+2β. As above, the possibilities are
a = t+ np and a = 〈t, Xβ, Xα+β, Xα+2β〉.
If a ⊂ b does not contain t, then it must contain 0 6= T ∈ t. We
can find a basis for a consisting of T and four elements of n. But these
elements span n, and a = 〈T, n〉.
Now it is easy to check that the normalizer of n in Sp(4,C) is B. So
if Ad(g) takes 〈T, n〉 to 〈T ′, n〉, for some T, T ′ ∈ t, then g must preserve
the nilpotent radical n and therefore must be in B. Using Lemma 5.2,
this means that T and T ′ must be conjugate under B. Of course, for
any nonzero r ∈ C, we have that 〈T, n〉 = 〈rT, n〉. So the subalgebra
〈T, n〉 is determined by the nonzero scalar multiples of the B-conjugacy
class of T .
Using the list in Table 1, we find the following list of representatives:
T1,a, a 6= 0,±1; T1,0, T0,1, T1,1, and T1,−1.
We summarize.
Theorem 9.1. Up to equivalence, every five-dimensional solvable sub-
algebra is one of the following. In §§10.4, we shall show that they are
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in fact pairwise nonisomorphic.
(66)
t+ np, 〈t, Xβ, Xα+β, Xα+2β〉,
〈T, n〉, where T is one of the following :
T1,a, a 6= 0,±1;
T1,0, T0,1, T1,1, T1,−1
9.2. Six-dimensional solvable subalgebras. The only six-dimensional
subalgebra of b is b itself.
10. Isomorphisms
10.1. Dimension 2. We first identify the two-dimensional subalgebras
of sp(4,C) with respect de Graaf’s classification [dGr05]. For each
algebra of de Graaf’s classification that appears, we then identify which
algebra it is isomorphic to in the classification described by Sˇnobl and
Winternitz in [SˇW14].
The classification of two-dimensional algebras amounts to whether
they are abelian or not. Of course, t is abelian, so t ∼= K1.
Since [T3,1, Xα +Xβ] = 2(Xα +Xβ), 〈T3,1, Xα +Xβ〉 ∼= K2.
Since [Ta,1, Xα] = 2Xα, 〈Ta,1, Xα〉 ∼= K2.
Since [Ta,1, Xβ] = (a− 1)Xβ, 〈Ta,1, Xβ〉 ∼= K2, provided a 6= 1.
Since [T1,0, Xα] = 0, 〈T1,0, Xα〉 ∼= K1.
Since [T1,0, Xβ] = Xβ, 〈T1,0, Xβ〉 ∼= K2.
Since [T1,0, Xα+2β] = 2Xα+2β , 〈T1,0, Xα+2β〉 ∼= K2.
Since [T1,1, Xα] = 2Xα, 〈T1,1, Xα〉 ∼= K2.
Since [T1,1, Xβ] = 0, 〈T1,1, Xβ〉 ∼= K1.
Since [T1,1, Xα+β] = 2Xα+β, 〈T1,1, Xα+β〉 ∼= K2.
Since [T1,1 +Xβ, Xα+2β] = 2Xα+2β , 〈T1,1 +Xβ, Xα+2β〉 ∼= K2.
Since [T1,0 +Xα, Xα+β] = Xα+β , 〈T1,0 +Xα, Xα+β〉 ∼= K2.
Since [T1,0 +Xα, Xα+2β] = 2Xα+2β, 〈T1,0 +Xα, Xα+2β〉 ∼= K2.
Since [Xα, Xα+β ] = 0, 〈Xα, Xα+β〉 ∼= K1.
Since [Xα, Xα+2β ] = 0, 〈Xα, Xα+2β〉 ∼= K1.
Since [Xβ +Xα, Xα+2β] = 0, 〈Xβ +Xα, Xα+2β〉 ∼= K1.
The (only) nonabelian two-dimensional solvable algebra is K2 in de
Graaf’s classification, given by [x1, x2] = x2 and s2,1 in Sˇnobl and
Winternitz’s classification, which is given by [e2, e1] = e1. Clearly they
are isomorphic by
(67)
x1 ←→ e2
x2 ←→ e1.
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10.2. Dimension 3. We first identify the three-dimensional subalge-
bras of sp(4,C) with respect de Graaf’s classification [dGr05]. For each
algebra of de Graaf’s classification that appears, we then identify which
algebra it is isomorphic to in the classification described by Sˇnobl and
Winternitz in [SˇW14].
To see that 〈t, Xα〉 ∼ L30, let
(68) x1 = T1,0 +Xα, x2 = Xα, x3 =
1
2
T0,1,
and observe that these assignments respect the structure of L30, whose
only nonzero brackets are [x3, x1] = x2; [x3, x2] = x2.
To see that 〈t, Xβ〉 ∼ L30, let
(69) x1 = T1,1 +Xβ, x2 = Xβ, x3 = T1,0,
and observe that these elements also respect the structure of L30.
Lemma 10.1. Consider the algebra a with basis {T,A,B} and rela-
tions [A,B] = 0, [T,A] = 2A and [T,B] = rB, for some r ∈ C. If
r 6= −2, let b = − 2r
(r+2)2
.
Then
a ∼=


L3b , if r 6= ±2,(70)
L2, if r = 2,(71)
L41, if r = −2.(72)
Proof. Fix k ∈ C, k 6= 0.
If we let x1 = A+B, x2 = 2kA+ rkB, and x3 = kT , then it is easy
to check that [x3, x1] = x2, [x3, x2] = 4k
2A+ r2k2B, [x1, x2] = 0.
If we want these elements to satisfy the additional condition [x3, x2] =
bx1 + x2, for some 0 6= b ∈ C, this forces
(73) 4k2 = 2k + b, r2k2 = rk + b.
From these equations, it is easy to find that, provided r 6= ±2,
(74) k =
1
r + 2
, b = − 2r
(r + 2)2
.
So given r 6= ±2, and k and b defined as in Eq. (74), the algebra a is
given by the relations
(75) [x3, x1] = x2, [x3, x2] = bx1 + x2, [x1, x2] = 0.
These are the relations for the algebra L3b .
If r = 2, let x1 = A, x2 = B, x3 =
1
2
T . Then
(76) [x3, x1] = x1, [x3, x2] = x2,
and these are the defining relations for the algebra L2.
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If r = −2, let x1 = A+B, x2 = A− B, x3 = 12T . Then
(77) [x3, x1] = x2, [x3, x2] = x1,
and these are the defining relations for the algebra L41. 
We apply the remarks about the above algebra a to various examples.
Fix a 6= 0,±1, and consider the algebra 〈Ta,1, Xα, Xα+β〉. Letting
T = Ta,1, A = Xα, B = Xα+β, we find that 〈Ta,1, Xα, Xα+β〉 is an
example of the algebra a of Lemma 10.1, with r = a + 1. Letting
b = − 2r
(r+2)2
= −2 a+1
(a+3)2
, the lemma tells us (c.f., Eq. (70)) that
〈Ta,1, Xα, Xα+β〉 ∼ L3b , provided r 6= ±2, i.e., a 6= −3 (note that
a = 1 is excluded by hypothesis). It also tells us (c.f., Eq. (72))
that 〈Ta,1, Xα, Xα+β〉 ∼ L41, if a = −3.
Now fix a 6= 0,±1, and consider the algebra 〈Ta,1, Xα, Xα+2β〉. Let-
ting T = Ta,1, A = Xα, B = Xα+2β , we find that 〈Ta,1, Xα, Xα+2β〉
is an example of the algebra a of Lemma 10.1, with r = 2a. Letting
b = − 2r
(r+2)2
= − a
(a+1)2
, we find that 〈Ta,1, Xα, Xα+2β〉 ∼= L3b .
Letting T = T3,1, A = Xα +Xβ , B = Xα+2β, we find an example of
the algebra a of Lemma 10.1, with r = 6. We conclude that 〈T3,1, Xα+
Xβ, Xα+2β〉 ∼= L3−3/16.
Next, letting x1 = Xα +Xα+β , x2 = Xα+β, x3 = T1,0, we find that
[x3, x1] = x2, [x3, x2] = x2, [x1, x2] = 0, which are the defining relations
for L30. So 〈T1,0, Xα, Xα+β〉 ∼= L30.
Similarly, with x1 = Xα + Xα+2β , x2 = Xα+2β, x3 =
1
2
T1,0, we find
that [x3, x1] = x2, [x3, x2] = x2, [x1, x2] = 0, which are the defining
relations for L30. Accordingly, 〈T1,0, Xα, Xα+2β〉 ∼= L30.
Letting T = T1,0, A = Xα+2β , B = Xα+β, we find an example
of the algebra a of Lemma 10.1, with r = 1. We conclude that
〈T1,0, Xα+2β, Xα+β〉 ∼= L3−2/9.
Next, letting x1 = Xα+β +Xα+2β, x2 = Xα+2β , x3 =
1
2
T1,−1, we find
that [x3, x1] = x2, [x3, x2] = x2, [x1, x2] = 0, which are the defining
relations for L30. So 〈T1,−1, Xα+β, Xα+2β〉 ∼= L30.
Consider the algebra 〈T1,−1, Xα, Xα+2β〉. Letting T = T1,−1, A =
Xα+2β, B = Xα, we find that 〈T1,−1, Xα, Xα+2β〉 is an example of the
algebra a of Lemma 10.1, with r = −2. From Eq. (72), we find that
〈T1,−1, Xα, Xα+2β〉 ∼= L41.
Consider the algebra 〈T1,−1, Xβ, Xα+2β〉. Letting T = T1,−1, A =
Xβ, B = Xα+2β, we find that 〈T1,−1, Xβ, Xα+2β〉 is an example of the
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algebra a of Lemma 10.1, with r = 2. From Eq. (71), we find that
〈T1,−1, Xβ, Xα+2β〉 ∼= L2.
Similarly, consider 〈T1,1, Xα, Xα+2β〉. Letting T = T1,1, A = Xα,
B = Xα+2β, we find that 〈T1,1, Xα, Xα+2β〉 is an example of the al-
gebra a of Lemma 10.1, with r = 2. From Eq. (71), we find that
〈T1,1, Xα, Xα+2β〉 ∼= L2.
If we let x1 = 2(Xα+β −Xα+2β), x2 = Xα+β, and x3 = 14(T1,1 +Xβ),
then we find that [x3, x1] = x2, [x3, x2] = −14x1 + x2, [x1, x2] = 0. So
〈T1,1 +Xβ, Xα+β, Xα+2β〉 ∼= L3−1/4.
Consider the algebra 〈T1,−1+Xα+β, Xα, Xα+2β〉. Letting T = T1,−1+
Xα+β, A = Xα+2β , B = Xα, we find that 〈T1,−1 +Xα+β, Xα, Xα+2β〉 is
an example of the algebra a of Lemma 10.1, with r = −2. From Eq.
(72), we find that 〈T1,−1 +Xα+β, Xα, Xα+2β〉 ∼= L41.
Letting T = T1,0 +Xα, A = Xα+2β, B = Xα+β , we find an example
of the algebra a of Lemma 10.1, with r = 1. We conclude that 〈T1,0 +
Xα, Xα+β, Xα+2β〉 ∼= L3−2/9.
To see that 〈Xβ, Xα+β, Xα+2β〉 ∼ L40, let
(78) x1 = Xα+β, x2 = Xα+2β , x3 =
1
2
Xβ,
and observe that these elements generate an algebra isomorphic to L40,
whose only nonzero bracket is [x3, x1] = x2.
To see that 〈Xα +Xβ, Xα+β, Xα+2β〉 ∼ L40, let
(79) x1 = Xα+β, x2 = Xα+2β , x3 =
1
2
(Xα +Xβ),
and observe that these elements generate an algebra isomorphic to L40.
The algebra L1 in de Graaf’s classification is the abelian algebra. The
algebra L2 in de Graaf’s classification is given by [x3, x1] = x1, [x3, x2] =
x2. It is isomorphic to s3,1 in Sˇnobl and Winternitz’s classification, with
the parameter having the value A = 1. The algebra s3,1 is given by
[e3, e1] = e1, [e3, e2] = Ae2, subject to the following conditions:
(80) 0 < |A| ≤ 1, and if |A| = 1, text then 0 ≤ arg(A) ≤ pi.
The isomorphism is just xi ←→ ei, for i = 1, 2, 3.
The algebra L30 in de Graaf’s classification is isomorphic to n1,1⊕s2,1
in Sˇnobl and Winternitz’s classification, with the parameter having the
value A = 0. The isomorphism is given by
(81)
x1 − x2 ←→ (e1, 0)
x3 ←→ (0, e2)
x2 ←→ (0, e1).
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The algebra L3−1/4 in de Graaf’s classification is isomorphic to s3,2
in Sˇnobl and Winternitz’s classification, which is given by [e3, e1] = e1,
[e3, e2] = e1 + e2. The correspondence is given by
(82)
2x3 ←→ e3
x1 − 2x2 ←→ e1
x1 − 4x2 ←→ e2.
The algebra L40 in de Graaf’s classification is given by [x3, x1] = x2.
It is isomorphic to n3,1 in Sˇnobl and Winternitz’s classification, which
is given by [e2, e3] = e1. The isomorphism is
(83)
x1 ←→ e3
x2 ←→ e1
x3 ←→ e2.
The algebra L41 in de Graaf’s classification is given by [x3, x1] = x2,
[x3, x2] = x1. It is isomorphic to s3,1 in Sˇnobl and Winternitz’s classifi-
cation, with the parameter having the value A = −1. The isomorphism
is
(84)
x3 ←→ e3
x1 + x2 ←→ e1
x1 − x2 ←→ e2.
In de Graaf’s classification, L3α is given by [x3, x1] = x2, [x3, x2] =
αx1 + x2.
Lemma 10.2. Suppose α 6= 0,−1
4
. Then there is one choice of the
square root
√
1 + 4α for which the complex number
(85) λ =
1 + 2α +
√
1 + 4α
−2α .
satifies the conditions of Eq. (80).
Proof. Fix one value of the square root and let λ+ = 1+
√
1+4α
2
, λ− =
1−√1+4α
2
. Then λ+λ− = −α, and either λ+
λ−
or λ
−
λ+
satisfies the conditions
of Eq. (80). If the former, the initial choice of square root is correct.
If the latter, then make the other choice of square root. Either way,
then λ = λ
+
λ−
satisfies the conditions. 
If α 6= 0,−1
4
, then L3α
∼= s3,1,A=λ, with parameter
(86) λ =
1 + 2α +
√
1 + 4α
−2α
as described in Lemma 10.2.
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The isomorphism is given by
(87)
−λ+
α
x3 ←→ e3
αx1 + λ
+x2 ←→ e2
αx1 + λ
−x2 ←→ e1,
where λ+ and λ− are as in the proof of Lemma 10.2. Note that λ+ +
λ− = 1.
10.3. Dimension 4. We first identify the four-dimensional subalge-
bras of sp(4,C) with respect de Graaf’s classification [dGr05]. For
each algebra of de Graaf’s classification that appears, we then iden-
tify which algebra it is isomorphic to in the classification described by
Sˇnobl and Winternitz in [SˇW14].
To see that 〈t, Xα, Xα+β〉 ∼ M8, let
(88) x1 = T−1/2,1/2, x2 = Xα, x3 = T1,0, x4 = Xα+β,
and observe that these elements generate an algebra isomorphic toM8,
whose only nonzero brackets are [x1, x2] = x2 and [x3, x4] = x4.
To see that 〈t, Xα, Xα+2β〉 ∼M8, let
(89) x1 = T0,1/2, x2 = Xα, x3 = T1/2,0, x4 = Xα+2β ,
and observe that these elements generate an algebra isomorphic toM8.
In 〈Ta,1, np〉, a 6= 0± 1, let
(90)
x1 =
9
4
(a + 1)2Xα + 9Xα+β +
9
4
(a+1)2
a2
Xα+2β
x2 =
3
2
(a + 1)Xα + 3Xα+β +
3
2
(a+1)
a
Xα+2β
x3 = Xα +Xα+β +Xα+2β
x4 =
1
3(a+1)
Ta,1.
Then [x4, x1] = x2, [x4, x2] = x3, and [x4, x3] =
2
3(a+1)
Xα +
1
3
Xα+β +
2a
3(a+1)
Xα+2β .
It is not difficult to check that [x4, x3] = Ax1 + Bx2 + x3, where
A = 4a
27(a+1)2
and B = −2(a2+4a+1)
9(a+1)2
. These are the nonzero defining
relations for M6A,B, and we find that 〈Ta,1, np〉 ∼M6A,B =
M64a/(27(a+1)2),−2(a2+4a+1)/(9(a+1)2).
In 〈Ta,1, Xβ, Xα+β, Xα+2β〉, with a 6= 0 ± 1, let x1 = Xβ + Xα+β,
x2 =
8a
a2−1Xα+2β , x3 =
2a
a−1Xβ +
2a
a+1
Xα+β, x4 =
1
2a
Ta,1. Then it is easy
to verify that the only nonzero relations are [x4, x1] = x1 +
1−a2
4a2
x3,
[x4, x2] = x2, [x4, x3] = x1, [x3, x1] = x2. These are the defining rela-
tions for M13(1−a2)/(4a2), so 〈Ta,1, Xβ, Xα+β , Xα+2β〉 ∼M13(1−a2)/(4a2).
In 〈T3,1, Xα + Xβ, Xα+β, Xα+2β〉, let x1 = Xα + Xβ + 2Xα+β, x2 =
6Xα+2β, x3 = 3(Xα +Xβ) + 3Xα+β, x4 =
1
6
T3,1.
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Then it is easy to verify that the only nonzero relations are [x4, x1] =
x1 − 29x3, [x4, x2] = x2, [x4, x3] = x1, [x3, x1] = x2. These are the
defining relations for M13−2/9, so 〈T3,1, Xα+Xβ, Xα+β, Xα+2β〉 ∼M13−2/9.
In 〈T0,1, np〉, let x1 = 94Xα + 9Xα+β + Xα+2β, x2 = 32Xα + 3Xα+β,
x3 = Xα +Xα+β , x4 =
1
3
T0,1.
Then [x4, x1] = x2, [x4, x2] = x3, and [x4, x3] =
2
3
Xα +
1
3
Xα+β.
It is not difficult to check that [x4, x3] = −29x2 + x3. These are the
nonzero defining relations for M60,−2/9, so 〈T0,1, np〉 ∼M60,−2/9.
In 〈T0,1, Xβ, Xα+β , Xα+2β〉, let x1 = −Xβ + Xα+β , x2 = 4Xα+2β,
x3 = Xβ + Xα+β, x4 = T0,1. Then [x4, x1] = x3, [x4, x3] = x1, and
[x3, x1] = x2. These are the nonzero relations for M
14
1 , so we find that
〈T0,1, Xβ, Xα+β, Xα+2β〉 ∼ M141 .
In 〈T1,0, Xβ, Xα+β, Xα+2β〉, let x1 = Xα+β, x2 = Xα+2β , x3 = 12Xβ,
x4 = T1,0. Then [x4, x1] = x1, [x4, x2] = 2x2, [x4, x3] = x3, and
[x3, x1] = x2. These are the nonzero relations for M
12, so we find
that 〈T1,0, Xβ, Xα+β, Xα+2β〉 ∼M12.
In 〈T1,1, np〉, let x1 = Xα, x2 = Xα+β, x3 = Xα+2β, x4 = 12T1,1. Then
the nonzero relations are [x4, x1] = x1, [x4, x2] = x2, [x4, x3] = x3,
showing that 〈T1,1, np〉 ∼M2.
In 〈T1,−1, np〉 let x1 = Xα +Xα+β +Xα+2β , x2 = Xα −Xα+2β , x3 =
Xα +Xα+2β , x4 =
1
2
T1,−1.
Then [x4, x1] = x2, [x4, x2] = x3, and [x4, x3] = Xα − Xα+2β = x2.
These are the nonzero defining relations for M70,1, so 〈T1,−1, np〉 ∼ M70,1.
In 〈T1,1, Xβ, Xα+β, Xα+2β〉, let x1 = Xα+β , x2 = Xα+2β, x3 = 12Xβ +
Xα+β, x4 =
1
2
T1,1. Then [x4, x1] = x1, [x4, x2] = x2, [x4, x3] = x1, and
[x3, x1] = x2, which are the nonzero relations for M
13
0 . We conclude
that 〈T1,1, Xβ, Xα+β, Xα+2β〉 ∼M130 .
In 〈T1,1+Xβ, Xα, Xα+β, Xα+2β〉, let x1 = 54Xα, x2 = 18Xα+9Xα+β,
x3 = 6Xα + 6Xα+β + 3Xα+2β, x4 =
1
6
(T1,1 +Xβ). Then [x4, x1] = x2,
[x4, x2] = x3, and [x4, x3] = 2Xα + 3Xα+β + 3Xα+2β, which equals
1
27
x1 − 13x2 + x3. These are the only nonzero relations, so we find that
〈T1,1 +Xβ, Xα, Xα+β, Xα+2β〉 ∼M61/27,−1/3.
In 〈T1,0 + Xα, Xβ, Xα+β, Xα+2β〉, let x1 = −12Xβ + 12Xα+β , x2 =
−Xα+2β , x3 = −Xβ , x4 = 12(T1,0 + Xα). Then [x4, x1] = x1 − 14x3,
[x4, x2] = x2, and [x4, x3] = x1, and [x3, x1] = x2. These are the nonzero
relations for M13−1/4. We conclude that 〈T1,0 +Xα, Xβ, Xα+β, Xα+2β〉 ∼
M13−1/4.
In n, let x1 = Xα, x2 = Xα+β, x3 = 2Xα+2β, x4 = Xβ. Then
[x4, x1] = x2 and [x4, x2] = x3 are the only nonzero relations, and we
find that n ∼M70,0.
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The algebra M2 in de Graaf’s classification is given by [x4, x1] = x1,
[x4, x2] = x2, [x4, x3] = x3.
It is isomorphic to s4,3 with parameters A = B = 1 in Sˇnobl and
Winternitz’s classification, which is given by [e4, e1] = e1, [e4, e2] = e2,
[e4, e3] = e3. The isomorphism is xi ←→ ei, for i = 1, . . . , 4.
The algebra M8 in de Graaf’s classification is given by [x1, x2] = x2,
[x3, x4] = x4. It is isomorphic toK
2⊕K2, so it is isomorphic to s2,1⊕s2,1
in Sˇnobl andWinternitz’s classification, which is also isomorphic to s4,12
over C.
The algebraM6α,β in de Graaf’s classification is given by [x4, x1] = x2,
[x4, x2] = x3, [x4, x3] = αx1 + βx2 + x3.
This description of M6α,β shows that its nilradical n is abelian, with
basis {x1, x2, x3}. The action of x4 on n is given, relative to this basis,
by the matrix
(91) C =

0 0 β1 0 α
0 1 1

 .
This is a companion matrix, with characteristic polynomial λ3 − λ2 −
αλ− β.
Since the roots add up to 1, the only way there could be a single root
of multiplicity 3 would be for it to be 1
3
. This happens with β = 1
27
,
α = −1
3
, and it is not difficult to see that in this case, the Jordan
Canonical Form of C has a single block. In particular, ad(3x4) has an
eigenvector u1 ∈ n with eigenvalue 1, and there are vectors v, w ∈ n so
that [3x4, v] = u1 + v, [3x4, w] = v + w.
This algebra is isomorphic to s4,2, which is given by [e4, e1] = e1,
[e4, e2] = e1 + e2, [e4, e3] = e2 + e3. The isomorphism is given by
(92)
3x4 ←→ e4
u1 ←→ e1
v ←→ e2
w ←→ e3.
Depending on α and β, the matrix C may have three distinct eigen-
values, two distinct eigenvalues with one of them associated to a 2× 2
Jordan block, or the single eigenvalue λ = 1
3
, as discussed above.
Suppose β 6= 0, so that the eigenvalues are all nonzero.
If there are three distinct (nonzero) eigenvalues, we can assume they
satisfy |r′| ≥ |s′| ≥ |t′| > 0. If |r′| > |s′|, then 1
r′
x4 has eigenvalues
1, s, t, with 1 > |s| ≥ |t| > 0. If |r′| = |s′| > |t′|, then 1
r′
x4 has
eigenvalues 1, s, t, with 1 = |s| ≥ |t| > 0 and we can assume 0 <
arg(s) < 2pi. If |r′| = |s′| = |t′|, then 1
r′
x4 has eigenvalues 1, s, t,
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with 1 = |s| = |t| and we can assume 0 < arg(s) < arg(t) < 2pi. In
each of these cases, let us write u1, us, ut ∈ n for the corresponding
eigenvectors.
In each of these cases, M6α,β
∼= s4,3, with parameters A = s, B = t.
This algebra is given by [e4, e1] = e1, [e4, e2] = Ae2, [e4, e3] = Be3. The
isomorphism is given by
(93)
1
r′
x4 ←→ e4
u1 ←→ e1
us ←→ e2
ut ←→ e3.
If there are two distinct (nonzero) eigenvalues, we can assume that r′
is associated to a 2×2 Jordan block and s′ is associated to a 1×1 Jordan
block. Then 1
r′
x4 has an eigenvector us with eigenvalue s =
s′
r′
, an
eigenvector u1 with eigenvalue 1, and a vector v so that [x4, v] = u1+v.
In this case, M6α,β
∼= s4,4, with parameter A = s.
This algebra is given by [e4, e1] = e1, [e4, e2] = e1 + e2, [e4, e3] = se3.
The isomorphism is given by
(94)
1
r′
x4 ←→ e4
u1 ←→ e1
v ←→ e2
us ←→ e3.
If β = 0, α 6= 0,−1
4
, then M60,α is isomorphic to n1,1 ⊕ s3,1 in Sˇnobl
and Winternitz’s classification, with parameter
(95) A = λ =
1 + 2α+
√
1 + 4α
−2α .
With the choice of square root described in Lemma 10.2, the isomor-
phism is given by
(96)
αx1 + x2 − x3 ←→ (e1, 0)
−λ+
α
x4 ←→ (0, e3)
αx2 + λ
+x3 ←→ (0, e2)
αx2 + λ
−x3 ←→ (0, e1).
If β = 0, α = −1
4
, then M60,−1/4 is isomorphic to n1,1 ⊕ s3,2 in Sˇnobl
and Winternitz’s classification. The isomorphism is given by
(97)
x1 − 4x2 + 4x3 ←→ (e1, 0)
2x4 ←→ (0, e3)
2x2 − 4x3 ←→ (0, e1)
−4x3 ←→ (0, e2).
We give some examples.
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Suppose β = 1, α = −1. The algebra M61,−1 is isomorphic to s4,3.
The isomorphism is given by
(98)
x4 ←→ e4
x1 + x3 ←→ e1
x1 + (−1− i)x2 + ix3 ←→ e2
x1 + (−1 + i)x2 − ix3 ←→ e3.
Now suppose β = −1, α = 1. The algebra M6−1,1 is isomorphic to
s4,4. The isomorphism is given by
(99)
x4 ←→ e4
x1 − x3 ←→ e1
−1
2
x1 − x2 − 12x3 ←→ e2
x1 − 2x2 + x3 ←→ e3.
The algebra M13α in de Graaf’s classification is given by [x4, x1] =
x1 + αx3, [x4, x2] = x2, [x4, x3] = x1, [x3, x1] = x2.
First consider the case in which α = 0. Then M130 is isomorphic to
s4,11 in Sˇnobl and Winternitz’s classification, which is given by [e4, e1] =
e1, [e4, e2] = e2, [e2, e3] = e1.
The isomorphism is
(100)
x4 ←→ e4
x1 ←→ e2
x2 ←→ e1
x1 − x3 ←→ e3.
Now suppose α = −1
4
. ThenM13−1/4 is isomorphic to s4,10 in Sˇnobl and
Winternitz’s classification, which is given by [e4, e1] = 2e1, [e4, e2] = e2,
[e4, e3] = e2 + e3, [e2, e3] = e1.
The isomorphism is
(101)
2x4 ←→ e4
−2x2 ←→ e1
2x1 − x3 ←→ e2
x3 ←→ e3.
Now suppose α 6= 0,−1
4
. Then M13α is isomorphic to s4,8, with pa-
rameter λ = 1+2α+
√
1+4α
−2α as described in Lemma 10.2. Note that, with
choice of square root specified in that lemma and the notation given
in the proof of that lemma, (1 + λ)λ+ = λ and (1 + λ)λ− = 1. The
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isomorphism is
(102)
(1 + λ) x4 ←→ e4√
1 + 4α x2 ←→ e1
λ− x1 + αx3 ←→ e2
λ+ x1 + αx3 ←→ e3.
The algebraM141 in de Graaf’s classification is given by [x4, x1] = x3,
[x4, x3] = x1, [x3, x1] = x2.
It is isomorphic to s4,6 in Sˇnobl and Winternitz’s classification, which
is given by [e4, e2] = e2, [e4, e3] = −e3, [e2, e3] = e1.
The isomorphism is
(103)
2x1 ←→ e1
x1 + x3 ←→ e2
x1 − x3 ←→ e3
x4 ←→ e4.
The algebraM12 in de Graaf’s classification is given by [x4, x1] = x1,
[x4, x2] = 2x2, [x4, x3] = x3, [x3, x1] = x2.
It is isomorphic to s4,8, with parameter A = 1, in Sˇnobl and Win-
ternitz’s classification, which is given by [e4, e1] = 2e1, [e4, e2] = e2,
[e4, e3] = e3, [e2, e3] = e1.
The isomorphism is
(104)
x4 ←→ e4
x1 ←→ e3
x2 ←→ e1
x3 ←→ e2.
The algebraM70,1 in de Graaf’s classification is given by [x4, x1] = x2,
[x4, x2] = x3, [x4, x3] = x2.
It is isomorphic to n1,1 ⊕ s3,1, with parameter A = −1 in Sˇnobl and
Winternitz’s classification. The isomorphism is
(105)
x1 − x3 ←→ (e1, 0)
x4 ←→ (0, e3)
x2 + x3 ←→ (0, e1)
x2 − x3 ←→ (0, e2).
The algebraM70,0 in de Graaf’s classification is given by [x4, x1] = x2,
[x4, x2] = x3.
It is isomorphic to n4,1 in Sˇnobl and Winternitz’s classification, which
is given by [e4, e2] = −e1, [e4, e3] = −e2.
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The isomorphism is
(106)
−x4 ←→ e4
x1 ←→ e3
x2 ←→ e2
x3 ←→ e1.
10.4. Dimension 5. Since the classification of de Graaf [dGr05] does
not include solvable algebras of dimension greater than 4, we will only
identify the five-dimensional solvable subalgebras with respect to Sˇnobl
and Winternitz’s classification [SˇW14].
The following isomorphism establishes s5,41,A=B= 1
2
∼= 〈t, np〉:
(107)
e1 ←→ Xα
e2 ←→ Xα+2β
e3 ←→ −Xα+β
e4 ←→ 12T0,1
e5 ←→ 12T1,0.
The following isomorphism establishes s5,44 ∼= 〈t, Xβ, Xα+β, Xα+2β〉:
(108)
e1 ←→ 2Xα+2β
e2 ←→ Xβ
e3 ←→ Xα+β
e4 ←→ 12T1,−1
e5 ←→ T0,−1.
The following isomorphism establishes s5,35,A= 2
a−1
∼= 〈Ta,1, n〉:
(109)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ 1a−1Ta,1.
The following isomorphism establishes s5,35,A=−1 ∼= 〈T1,−1, n〉:
(110)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ 12T1,−1.
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The following isomorphism establishes s5,37 ∼= 〈T1,1, n〉:
(111)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ 12T1,1.
The following isomorphism establishes s5,36 ∼= 〈T1,0, n〉:
(112)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ T1,0.
The following isomorphism establishes s5,33 ∼= 〈T0,1, n〉:
(113)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ −T0,1.
10.5. Dimension 6. The only solvable subalgebra of b of dimension
6 is b itself. Referencing the classification in [SˇW14], the following
isomorphism establishes s6,242 ∼= b:
(114)
e1 ←→ 2Xα+2β
e2 ←→ −Xα+β
e3 ←→ Xα
e4 ←→ Xβ
e5 ←→ T1,0
e6 ←→ T 1
2
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2
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Representative Conditions Equivalences Isomorphism Class Isomorphism Class
(de Graaf [dGr05]) (Sˇnobl and Winternitz [SˇW14])
Semisimple
〈Ta,1〉 a 6= 0,±1 〈Ta,1〉 ∼ 〈Ta′,1〉 J n1,1
if and only if a′ = ±a,±a−1
〈T1,0〉 J n1,1
〈T1,1〉 J n1,1
Nilpotent
〈Xα〉 J n1,1
〈Xβ〉 J n1,1
〈Xα +Xβ〉 J n1,1
Non-Trivial Jordan Decomposition
〈T1,0 +Xα〉 J n1,1
〈T1,1 +Xβ〉 J n1,1
Table 3. One-dimensional subalgebras of sp(4,C), up to conjugacy by Sp(4,C)
4
6
A
N
D
R
E
W
D
O
U
G
L
A
S
A
N
D
J
O
E
R
E
P
K
A
Representative Conditions Equivalences Isomorphism Class Isomorphism Class
(de Graaf [dGr05]) (Sˇnobl and Winternitz [SˇW14])
Semisimple
t K1 2n1,1
Containing both Semisimple and Nilpotent Elements
〈T3,1,Xα +Xβ〉 K2 s2,1
〈Ta,1,Xα〉 a 6= 0,±1 〈Ta,1,Xα〉 ∼ 〈T−a,1,Xα〉 K2 s2,1
〈Ta,1,Xβ〉 a 6= 0,±1 〈Ta,1,Xβ〉 ∼ 〈Ta−1,1,Xβ〉 K2 s2,1
〈T1,0,Xα〉 K1 2n1,1
〈T1,0,Xβ〉 K2 s2,1
〈T1,0,Xα+2β〉 K2 s2,1
〈T1,1,Xα〉 K2 s2,1
〈T1,1,Xβ〉 K1 2n1,1
〈T1,1,Xα+β〉 K2 s2,1
Containing no Semisimple Elements, but not Nilpotent
〈T1,1 +Xβ ,Xα+2β〉 K2 s2,1
〈T1,0 +Xα,Xα+β〉 K2 s2,1
〈T1,0 +Xα,Xα+2β〉 K2 s2,1
Nilpotent
〈Xα,Xα+β〉 K1 2n1,1
〈Xα,Xα+2β〉 K1 2n1,1
〈Xβ +Xα,Xα+2β〉 K1 2n1,1
Table 4. Two-dimensional subalgebras of sp(4,C), up to conjugacy by Sp(4,C)
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Representative Conditions Equivalences Isomorphism Class Isomorphism Class
(de Graaf [dGr05]) (Sˇnobl and Winternitz [SˇW14])
Containing a Cartan Subalgebra
〈t, Xα〉 L
3
0 n1,1 ⊕ s2,1
〈t, Xβ〉 L
3
0 n1,1 ⊕ s2,1
Containing a Regular Semisimple Element but not a Cartan Subalgebra
〈Ta,1, Xα, Xα+β〉 a 6= 0,±1,−3 L
3
−2(a+1)/(a+3)2 s3,1,A= 1+2α+
√
1+4α
−2α
where α = −2(a+ 1)/(a + 3)2
〈T−3,1, Xα, Xα+β〉 L
4
1 s3,1,A=−1
〈Ta,1, Xα, Xα+2β〉 a 6= 0,±1 〈Ta,1, Xα, Xα+2β〉 ∼ 〈Ta−1,1, Xα, Xα+2β〉 L
3
−a/(a+1)2 s3,1,A= 1+2α+
√
1+4α
−2α
where α = −a/(a+ 1)2
〈T3,1, Xα +Xβ , Xα+2β〉 L
3
−3/16 s3,1,A=1/3
Containing a Non-regular Semisimple Element but not a Cartan Subalgebra
〈T1,0, Xα, Xα+β〉 L
3
0 n1,1 ⊕ s2,1
〈T1,0, Xα, Xα+2β〉 L
3
0 n1,1 ⊕ s2,1
〈T1,0, Xα+β, Xα+2β〉 L
3
−2/9 s3,1,A=1/2
〈T1,−1, Xα+β, Xα+2β〉 L
3
0 n1,1 ⊕ s2,1
〈T1,−1, Xα, Xα+2β〉 L
4
1 s3,1,A=−1
〈T1,−1, Xβ , Xα+2β〉 L
2 s3,1,A=1
〈T1,1, Xα, Xα+2β〉 L
2 s3,1,A=1
Containing no Semisimple Elements but not Nilpotent
〈T1,1 +Xβ , Xα+β , Xα+2β〉 L
3
−1/4 s3,2
〈T1,−1 +Xα+β, Xα, Xα+2β〉 L
4
1 s3,1,A=−1
〈T1,0 +Xα, Xα+β , Xα+2β〉 L
3
−2/9 s3,1,A=1/2
Nilpotent
np L
1 3n1,1
〈Xβ , Xα+β, Xα+2β〉 L
4
0 n3,1
〈Xα +Xβ , Xα+β , Xα+2β〉 L
4
0 n3,1
Table 5. Three-dimensional solvable subalgebras of sp(4,C), up to conjugacy by Sp(4,C)
4
8
A
N
D
R
E
W
D
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U
G
L
A
S
A
N
D
J
O
E
R
E
P
K
A
Representative Conditions Equivalences Isomorphism Class Isomorphism Class
(de Graaf [dGr05]) (Sˇnobl and Winternitz [SˇW14])
Containing a Cartan Subalgebra
〈t,Xα, Xα+β〉 M
8 s4,12
〈t, Xα, Xα+2β〉 M
8 s4,12
Containing a Regular Semisimple Element but not a Cartan Subalgebra
〈Ta,1, np〉 a 6= 0,±1 〈Ta,1, np〉 ∼ 〈Ta−1,1, np〉 M
6
A,B, where see Subsection 10.3
∼ 〈T−a,1, Xβ , Xα+β, Xα+2β〉 A =
4a
27(a+1)2
, B = − 2(a
2+4a+1)
9(a+1)2
〈Ta,1, Xβ , Xα+β , Xα+2β〉 a 6= 0,±1 〈Ta,1, Xβ , Xα+β , Xα+2β〉 M
13
(1−a2)/(4a2) s4,8,A= 1+2α+
√
1+4α
−2α
∼ 〈T−a,1, Xβ , Xα+β, Xα+2β〉 where α = (1− a
2)/(4a2)
〈T3,1, Xα +Xβ , Xα+β, Xα+2β〉 M
13
−2/9 s4,8,A=1/2
Containing a Non-regular Semisimple Element but not a Cartan Subalgebra
〈T0,1, np〉 M
6
0,−2/9 n1,1 ⊕ s3,1,A=1/2
〈T0,1, Xβ , Xα+β, Xα+2β〉 M
14
1 s4,6
〈T1,0, Xβ , Xα+β, Xα+2β〉 M
12 s4,8,A=1
〈T1,1, np〉 M
2 s4,3,A=B=1
〈T1,−1, np〉 M
7
0,1 n1,1 ⊕ s3,1,A=−1
〈T1,1, Xβ , Xα+β, Xα+2β〉 M
13
0 s4,11
Containing no Semisimple Elements but not Nilpotent
〈T1,1 +Xβ , Xα, Xα+β, Xα+2β〉 M
6
1/27,−1/3 s4,2
〈T1,0 +Xα, Xβ , Xα+β, Xα+2β〉 M
13
−1/4 s4,10
Nilpotent Subalgebras
n M70,0 n4,1
Table 6. Four-dimensional solvable subalgebras of sp(4,C), up to conjugacy by Sp(4,C)
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Dimension Representative Conditions Isomorphism Class
(Sˇnobl and Winternitz [SˇW14])
Containing a Cartan Subalgebra
5 〈t, np〉 s5,41,A=B= 1
2
5 〈t, Xβ, Xα+β, Xα+2β〉 s5,44
Containing a Regular Semisimple Element but not a Cartan Subalgebra
5 〈Ta,1, n〉 a 6= 0,±1 s5,35,A= 2
a−1
Containing a Non-regular Semisimple Element but not a Cartan Subalgebra
5 〈T1,−1, n〉 s5,35,A=−1
5 〈T1,1, n〉 s5,37
5 〈T1,0, n〉 s5,36
5 〈T0,1, n〉 s5,33
6 b s6,242
Table 7. Five- and six-dimensional solvable subalgebras of sp(4,C), up to conjugacy by Sp(4,C)
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11. Conclusions
The semisimple subalgebras of the rank 2 symplectic Lie algebra
sp(4,C) are well-known [dGr09, dGr11], and we recently classified its
Levi decomposable subalgebras [DR15]. In this article, we classified
the solvable subalgebras of sp(4,C), up to inner automorphism (equiv-
alently, up to conjugacy by the symplectic group Sp(4,C)). By Levi’s
theorem, this completes the classification of the subalgebras of sp(4,C).
We summarized the classification in Tables 3 to 7. The classification
is given with respect to the partial classification of solvable Lie algebras
of de Graaf [dGr05], and that described by Sˇnobl and Winternitz in
[SˇW14].
We have already classified the subalgebras of the special orthogo-
nal algebra so(4,C) [DR16a], and the subalgebras of the special linear
algebra sl(3,C) [DR16b]. And, Mayanskiy [May16] recently posted
a classification of the subalgebras of the exceptional Lie algebra G2.
Hence, with this article, the classification of the subalgebras of the
rank 2 semisimple Lie algebras is complete.
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